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OPERATORS ON TENSOR PRODUCTS OF BANACH SPACES
BY

TAKASHI ICHINOSE

ABSTRACT. The present paper is a study of operators on tensor products of
Banach spaces with the notion of maximal extensions introduced by G. K6the such
that the closure of a closable operator is its unique maximal extension. For a
class of such operators the spectral mapping theorem is established. The results
apply to the operator A ® I+ I ® B and give a new meaning to the method of sep-
aration of variables.

Introduction. Given densely defined linear operators A and B in Banach

spaces X, Y, respectively, we assign to each polynomial in £ and 7

(1.1) P(¢ ) = zcjkfj-nk

two kinds of polynomial operators

(1.2) YAl ® B*=P(A® L 1®B)
and

i o Rk
1.3) YA ®B

defined in the tensor product X éa Y, the completion of X ® Y with respect to a
reasonable norm a. A’ @a B* denotes a maximal extension of A’ ® B* in
X éa Y. If A and B are bounded, it has been shown by M. Schechter [19] and
the author [10] that the following spectral mapping theorem holds independently
of a given uniform reasonable norm a: P(o(A), 6(B)) =o(P(A® I, I ® B)). This
is a classical result of C. Stéphanos when X and Y are finite dimensional so that A
and B may be represented as matrices (see [15]). A further extension of this re-
sult is obtained in [10] for not necessarily bounded operators and polynomials
continuous at the extended spectra. But the class of polynomials there is rather
restricted.

The main aim of the present paper is to establish the spectral mapping
theorem for a larger class of polynomials, though imposing certain restrictions
on the operators. In particular, our theory applies to the operator A® I+ I ® B
and extends the results of H. O. Cordes [4], Ju. M. Berezanskil {2}, L. and K. Maurin
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[16] for selfadjoint operators. The spectral mapping theorem imparts thereby a
new meaning to the method of separation of variables (cf. B. Friedman [sh.

$1 is concerned with polynomial operators and the closability of the opera-
tors of both (1.2) and (1.3). In $2 the spectral mapping theorem for the operators
of the kind (1.2) is presented. In §3 we show for a faithful uniform reasonable
norm that the closures of both the operators (1.2) and (1.3) coincide. This fact
reduces the spectral mapping theorem for the operators of the kind (1.2) to that
for the operators of the kind (1.3) since the spectrum is unchanged under the clos-
ure operation. $4 is devoted as a special case to polynomial operators of the
first order, which were treated in [2] and [16]. We consider fractional powers and
present as a special case a generalization of the results by V. P. Mihailov [17]
for the first boundary value problem of quasi-elliptic differential equations.

Finally we note that assumption of the faithfulness of the norm a will fa-
cilitate all the considerations.

For the basic notions and results on linear operators and tensor products

used here, we follow [14], [7], 9] and [10] (cf. (81, [13], [20], [6]1,[18]).

1. Polynomial operators. Throughout, X and Y will denote complex Banach
spaces and o a reasonable norm on the tensor product X ® Y, i.e. a crossnorm
whose dual norm a’ is also a crossnorm on X' ® Y'. X @a Y is the completion
of X ® Y with respect to a.

Let A: D[A]C X — X; B: D[B]C Y — Y be linear operators with spectra
o(A), 0(B) and with resolvent sets p(4), p(B).

To each polynomial of degrees m in ¢ and = in g

(1.1) P(& ) = zcjkfj - n* (Cjk: complex),
we assign the following two kinds of polynomial operators in X @aY
(1.2) Ycd' ® BE=P(A® 1, 1®B)

with domain

D[P(A® I I ®B)] N D[A’ ® BF]

j.k;cikaéo

N Dl41®D[B*]=D[A"® B"]
j,k;cik#o

1}

D[A™] ® D [B"]

(see [10] or use [9, Lemma 4.20]), and

' ® Rk
(1.3) YA @ B
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with domain D[zc Ajé B*] = n] kic: kﬁoD[Aj é B*]. Here A’ é B* denotes
a maximal extension of A’ ® B’c in X ® Y for each pair (j, k) of nonnegative integers. I
will denote the identity operator in both X and Y, and I ® I'in X ® Y. The polynomial op-
erators (1.2) and (1.3) have maximal extensions in X ® Y, whxch we shall denote by
P(A® 1, 1®B) (cf. ®(P; A, B) in the notation of[lO])and Xec,a'®, B%)",
respectively. When they are closable, their closures are their unique max1mal
extensions. So we shall employ the same notations for the closures (cf. [14]).

A reasonable norm a is said to be faithful if the natural continuous linear
mapping of X @aY into X ée Y is one-to-one. If X and Y contain Schauder
bases, every uniform reasonable norm on X ® Y is faithful (see [6]).

Theorem 1.1. If A and B are closable and have nonempty resolvent sets
p(A), p(B), then the polynomial operators (1.2) and (1.3) are closable in X @a Y,
provided a is a faithful reasonable norm on X ® Y (cf. [9], [10]).

Proof. It suffices to show the closability of (1.3), since (1.3) is an exten-
sion of (1.2). We may assume A and B closed. For simplicity further assume
them densely defined. Then, since p(A) and p(B) are nonempty, A’ and B*
are also densely defined and closed (e.g. [8]). Since

; i& rkl - i3 nk
D[A™] ® D[B™] CD[zcjkA ? B ] = N Di4 §> B*],
jokicjp#0
the operator (1.3) is densely defined in X ®,Y, so that its adjoint is well de-
fined. We have in general

PN P A pky i o Rk
<2CjkA]® B ) chjk(AJ ® B ) = Ecik(A’ ® Bk)

a

(1.4)
ch].k(A')" ®B')Y=PA'®I'I'®B'),

for a densely defined linear operator and its maximal extension have the same
adjoint. If A is closed with p(A) £ @, D[(A')’] is dense in X', where X. de-
notes the dual space X' equipped with the weak topology defined by the dual pair
(X', X). The same is true for B.

Since a is faithful and since every elenent of X ée Y is separately contin-
uous bilinear on X's e Y;, p[P(A'®@ I, I'®B")=D[(A")"]Q® D[(B')"] is
dense in (X éa Y)" with respect to the weak topology defined by the dual pair
((x éa Y)', X éa Y), so that the domain of (2 c].kAj éaBk)' is dense in (X éa Y)'
in the same weak topology. This proves the closability of (1.3). Q.E.D.

If E is a Banach space and T: D[T]C E - E is a linear operator with do-
main D[T] and range R[T] in E, G(T) denotes the graph of T. Every maximal
extension ? of T has the same domain D[?] = Hy which is the projection of the
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closure G(T) C E x E into the first E. The singularity S[T] of T is by defini-
tion the set of all y € E such that (0, y) € G(T). S[T] is a closed subspace of

E and S[T]1=S[T]. T is closable if and only if S[T]= 0 (see [14]).

Proposition 1.2. Let a be a reasonable normon X ® Y. Let A and B be
densely defined maximal linear operators. Unless one of the extended spectra

ae(A) and ae(B) contains O while the other contains , then

(1.5) D[A®BIN(X® Y) =Hygy N(X®Y)=D[A]®D[B]=D[4 ® Bl

Remark 1.3, The assumption for A and B in Proposition 1.2 is equivalent to

the following condition consisting of three mutually exclusive parts (9], [10]):
(i) A and B are bounded;

(ii) A and B have densely defined bounded inverses;

(iii) one of A and B is bounded and has a densely defined bounded inverse
while the other is arbitrary.

Proof of Proposition 1.2. The inclusion D[A]1 ® D[B] C D[4 &, BIN(X®Y)
is obviously true.

To prove the reverse inclusion let z € D[A éaB] N (X® Y). We may assume
u# 0. u has an expression Z;=1 x®y; in which both the sequences {xl};___l and
{yj};ﬂ are linearly independent and the number 7, i.e. the rank of % is determined
uniquely. Then, for (x’, y') € D[A'] x D[B’],

(A®Bu ' ® ) = (A8 B) (x ® y)) = A’ ® B'y)
(1.6)
r
= Z (x]" A'x')(yi, Bl)")‘
j=1

The proof will be divided into three cases corresponding to the equivalent

condition reformulated in Remark 1.3.
(i) (1.5) is obviously true, since D[A]= X and D[B] = Y by maximality.

(ii) We have 0 €p(A) = p(A’) and 0 €p(B) = p(B).
Since the adjoint operators are always closed, A’ maps D[A'] onto X'. Since
the x; are linearly independent, there exists a sequence {x;. ¥;=1 in D[A'] with
(xi, A'x;e) = Bjk for j, k=1, 2,-++, 7. It follows from (1.6) that, for all y’ €
p[B'],

(A ?Bu, % ®y)=(yp B'y') k=1,2,--,1

so that, since the dual norm a'’ is also reasonable and B is maximal, we have
Y € D{B] for k=1,2,+++ 1.
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Choosing a sequence {y;.};=l in D[B'] with (s B'y;) = 84> we conclude
similarly x, € D[A] for k=1, 2,++, 1.

(iii) Without loss of generality we may assume A is bounded with a densely
defined bounded inverse. Then by maximality D[A]= X, so D[A'] = X'. Since
0 €p(A) =p(4"), the proof in (ii) yields y, € D[B] for k=1, 2,-++,7 Q.E.D.

Recall that if T is closed or if T is one-to-one and open, then R[T]N
S[T1= 0 (cf. [14]), in order to understand better the condition of the following

Proposition 1.4. Let a be a reasonable norm on X ® Y. Let A and B be
densely defined maximal linear operators. If A is one-to-one and R[A] N S[A]
= 0, then

DIA® Bl n(D[A]l ® V) =Hygpn (DlAl®Y)

=D[A] ® D[B]l=D[A® Bl.

Proof. Let u = 2;=1x]. ®y, € DA @aB] N (D[A]1® Y), u# 0, where both

the sequences {x]};:l C D[A] and {yj};=1 C Y are linearly independent. Then it
follows from (1.6) that
R 4
(A ? Bu, x' ® y') = 2 (Axi, x'){ Y B'y").
j=1

Since A is one-to-one, the ij as well as the x, are linearly independent.
Since (X/S[A], D[A']) is a dual pair and R[A] N S[A] = 0, there exists a
sequence {x;.};___l in D[A'] with (Ax’., x,) = 8 for j, k=1,2,+++,7. A sim-
ilar argument to the proof of Proposition 1.2 concludes y, € D[B] for k=1,
2,++,7. Q.E.D.

Remark 1.5. The following counterexamples show Propositions 1.2 and 1.4
fail if the assumptions there are not satisfied.

(1) Recall Counterexample 4.18 in [9]. Let X = Y = I2 and let te I | be
the canonical orthogonal basis in 2. For a certain uniform reasonable norm a o
2 ®a0 I? is identified with the Hilbert space {(c, ); ¥% _ lc_ | 2 <o} De-
fine A with D[A] =12 by

Ae =0 form=1,m>2; Ae,=e,

and B with D[B]={(c) €% §%_ |nc |* < =} by

Be =ne_ for n=1,2,.--.
n n

A is bounded and B is closed. o(4) ={0} and ¢(B)=1{nl%_ . The norm o is
necessarily faithful, so A éa B is closed in 12 é“"o 12, D[A éb. Bl =
e,,) €28, I T |nc,,|? <o} Let b=(1,1/2,1/3,-++) € 1. Then

a
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b-(1/2)e; €D[A]= 12 and b ¢ DIB). But (b~ (1/2)e ) ®beD[A é a Bl,
since all the coefficients ¢, = of (b- (1/2)e )® b=, (e. ® e ) vanish.

m,n mn m

(2) We consider in the same Hilbert space I ®a0 I? as in (1). Let B be the
same operator in /2 as in (1). Define A with D[A] = {(cm) €12, E:Z:}lmcml 2 < o} by

Ae1 = Ae2 =0 and Aem = me for m > 2.

A is closed but not one-to-one. A é“o B is closed in /2 é"'o I? with domain
D[A éa Bl = {(cmn) el? é“o 2, :=3 2:‘;1 |mnc”m|2 <o}, Let a=(1, 1/22,
1/32%,.-2) €1? and b=(1, 1/2, 1/3,+++) € I, Then a + e, and @+ e, are in
D[A] and linearly independent. b and a + b are linearly independent and do not
lie in D[B]. But (¢ + e )®(a+ b)+(a+e )® (-b) lies in D[A ® B]

In what follows, we study how A’ ® B is related to A ® I and I® B.

Proposition 1.6. Besides the condition of Proposition 1.2 assume O is uni-
form, and A and B are closed. Then for any maximal extensions A éal of
A® I and IéaB of 1® B, the closures of the graphs of (A éal)(l éaB),
(1 @aB)(A @al) and A ® B coincide. Any maximal extension A éa Bof A®B
equals (A @a nu éa B) and (I @a B)(A @a ) for some maximal extensions
AQ®, I and 1Q, B.

If a is, in addition, faithful then

1.7) A?B:(A@1)(1§B)=(1§B)(A§1).

Proof. The proof will be divided into three cases corresponding to the
equivalent condition reformulated in Remark 1.3 (cf. proof of Proposition 1.2).

(i) As a is uniform, A®_ B, A®_ I and I®, B are nothing but the con-
tinuous extensions of A ® B, A® I and I ® B, respectively, to the entire space
X®,Y, sothat A®, B=(A® NUI®, B =B B(A® D on X&, Y.

(ii) Since 0 € p(A) and 0 € p(B), A® B maps D[A] @ D[B] onto X ® Y,
and by uniformness of a and by case (i) above we obtain A1t ®, B~l=

-1 & @ -1 2 -1 -1 2 H D
(AA ®.BU®, B )=(U8, B A" ® ) on X®, Y. Thus if A® I and
I ®, B are arbitrary maximal extensions, then
Q Q —(1® R (-1 2 B-1
w8 DA NUGBI=UQB) " H, g, CURB NH,g,
& p-1 -1 _ -1@p-11_
=U®B HRIAT @I1=RIAT @B~ ] =H,pg

and similarly D[(I @a B) (A éa DI CH,gp- This proves

G(A®NU@B)=GUIGB(ASN =G(A® B),
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since (A éa DI éa B) and (I éa B)(A éa D) are extensions of A ® B.

To show the second assertion let A é’a B be an arbitrary maximal extension.
First note that if « € D[A] ® D[B] then (A®Blu=(A® NI ® B)u=
(1 ®B)(A® Du. Now let u € D[A ® Bl= H g but u ¢ D[A] ® DIB]; there exists a
sequence {uv}y , in D[A] ® D[B] such that (uV, (A ® B)u,) converges to
(u, A &, Bu) in (X éa Y) x (X @a Y) as v — «. Clearly », € D[I® B] =
X ® D[B] and by continuity (I ® B)uv =Aa-'enae® B)uv converges to
(a-1 ® DA é B)u as v — oo, so that u € H,gp- By Proposition 1.2 or 1.4,
4 X® Y or u ¢ X®D[B]. Thus D[4 ®,BIN(D[4] ® D[B)) C H g5 \(X ® D[B.
There exists then a maximal extension [ ® B of I ® B such that [ ® Bu =
(4=1®_ D(A®, Bu for uecD[A®, B]\(D[A] ® D[B]). Then clearly I ®, Bu
eR[A-1®, 1= Hyg or u e(I® B)('I)HA®I 1 ® B maps X ® D[B] onto
X®Y and I ® B as well as I ® B is one-to-one (cf. [9, Corollary 4.2]), so, by
Proposition 1.2 orl.4, ueD[A ®a BI\(D[A] ® D[B]) implies 1®a Bu €
HA®,\(D[A] ® Y). There exists a maximal extension A éa I of A® I such that
(A @al)(l @aB)u =A @a Bu for u € D[A ®a BIN(D[A] ® D[B]). In the same
way we shall find suitable maximal extensions A @a I and I@a B for which
(1®,B)(A®, =48 B holds.

(iii) We may assume B and B~! are continuous on Y. Then I ® B and
I1®B~! are automorphisms of X ® Y, so that by uniformness of @ there exists

a positive constant C such that, for x € D[A] ® Y,

“Hae Dul, <A@ Bul, < ClA®Dul,.

Hence H,g = Hpgp and (I®, B)H, g, =(U® B "DH, o =Hyop 1 A® I

is an arbitrary maximal extension, then

PUAGDNUGBI=US B VH,g, = (1®B " VH,g = Hag = Hagp
and
DII®B(A@N=(A@D " Hep=(A8 DD (X® V)= DIABI] = Hyg, = Hygp
It follows, though more stronger than the first assertion of Proposition 1.6, that
(4 ®a D @a B) and (I éa B)(A @a D) are maximal extensions of A ® B. In this
case the second assertion is evident; in fact, if A @a B is an arbitrary maximal
extension, then (A ®a B)(1 éa B)-l=(4 @a B)(I éa B~1) and (1 éa B~ XA ®a. B)
=(I éa B-1)(4 éa B) are maximal extensions of A ® I.

Finally, if a is faithful so that A®_ B, A ®_I and I ®_B are closed
[9, Theorem 3.8], then (1.7) is seen to be true for cases (i) and (iii) in our proof
as above. For case (ii) equality holds valid in (1.8) since A éa I and I@a B
map onto X ®_ Y, which yields (1.7). Q.E.D.
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Proposition 1.7. Let o be a uniform reasonable norm on X ® Y. Let A:
D[A] C X — X be a densely defined closed linear operator with nonempty re-
solvent set p(A). Then for any maximal extension A éa 1 of A® I the closures
of the graphs of (A @a )Y and AT ® I coincide.

If a is in addition faithful, then"AT® 1=(A & .

Proof. Note A’ is closed since p(A) # @.
First suppose 0 € p(4). Then by uniformness of @, A~/ ®_ I=(A"! @a n’

on X @a Y. If A @a[ is a maximal extension, then
D(A® D] = (4 ® N-Up[(4 & 1]
c(4a-1@noia @ ni-1
A1 @D"ID[A@ 1= (471 @ IV~ Hyg,
= RI(4-1& D7) = R[A™ ®1]= H i

Now we remove the assumption 0 € p(A). If A € p(A), we have

(1.9) AT=C(A4; D(A= XD/ and (A-ADT=cC(4; A+ c,(4; ),

where Cz.(A; 7, i=1,2, 3, are certain bounded operators on X with Ci(A; NAC
ACi(A; 7). It follows by uniformness of a that there exists a positive constant
C such that for all « € D[A71 @ Y=D[(4A-A)]® Y

C YA = AN ® Dull, < [(A7®@ Dull, + llull, < CICA - AD ® Dul,,
On the other hand (A-A) ® I=AQI-AQ® I

whence H ;0= H 4 _anyer

Hence (A = AD @a I=A @a I- Al @a I; by this is meant that any maximal exten-
sion (4 = AD @al of (A=Al ® I equals A éa I-Al @al for some maximal ex-
tension A éa 1 of A® I, and vice versa. It follows that D[(A @a I)i] =

D(A @a 1- Al @a D1 = DA = AD @a )’]. From the preceding case, we obtain

D[(A @a D'lcH This proves

(A-ADi®l H,ier

G(a® ) =G6la7®,
since (A éa DN>A® I
The assertion for faithful a is evident, since the closure of a closable
operator is its unique maximal extension. Q.E.D.

From Propositions 1.6 and 1.7 follows immediately

Theorem 1.8. Let a be a uniform reasonable norm on X ® Y. Let A and B

be densely defined closed linear operators with nonempty resolvent sets p(A),
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p(B) such that it does not occur that one of the extended spectra oe(A) and
oe( B) contains 0 while the other contains «. Then for any maximal extensions
A ?a Iof A i& 1 a.nd 1 @a:B of I®B, the closures of the graphs of (A éa N ®a. B,
e, B)*(A ®, D and A’ ® B* coincide for each pair (j, k) of nonnegative in-
tegers.

If o is in addition faithful so that the A’ éaBk are closed in X@a Y, we have

AT®Bk=(A® (1@ B)*=(1® B*(A &1,
a a a a a
so that for polynomials of the form (1.1)
Y, AT@B*=P(A& 1, 18 B).
] a a a

Corollary 1.9. Under the same condition as in Theorem 1.8 we bhave

(1.10) (A®BH' =(4& D (1® B)®' = (1@ BMA § D7),
(1.11) (AJ@ B*)' = (4 @ R @ B)' )k = ((1@ B )k (A @ n').

Proof. (1.10) is a direct consequence of Theorem 1.8. To prove (1.11) set
A ®a1= A and l@a B = B. From (1.10) we obtain (A’ @a B¥' > (A') (B')* and
(a7 @a B®' > (B")*(A’). Note (A") (B')* and (B')*(A’)’ are closed in
(x @a Y)'. In fact, since the adjoints A’ and B’ are closed and p(A’) = p(A) =
p(A @a D=p(A) # @ and p(B') = p(B) = p(I @a B) = p(B) # @ [9, Corollary
4.21, (A") and (B')* are closed. Observing the equivalent condition reformu-

lated in Remark 1.3, we obtain the inequalities

1B Y*ur |, 1< CALIADYB Yeurll, o + [l ]|,
for u' € D[(A")/(B')*], and

A YNl < CHUIBI*AY LN, + '], ]

for «' € D[(B')*(A’)7], where C4 and Cp are constants independent of u'.
Then the closedness of (A’)7(B’)* and (B')*(A’) follows in virtue of the
Banach-Schauder theorem.

Now (1.11) is clear for case (i). The condition (ii) implies (with the aid of
Theorem 4.13 in [9]) 0 ¢ 0(A) 0 (B)* = 6(4)a(BH =0 (4’ ® BY =0 (47 &, BY"),
that is, (A7 ®  B¥)' maps onto (X®, Y)' and has a continuous inverse. (A" (B')*
has also the same property. Consequently (A7 @a B*' = (A')/(B')*. Similarly
(a7 @a B*' = (B')¥(A')’. For case (iii), we may assume B and B~! are con-
tinuous on Y. Since ! @a Bk =(1 @a B)* is an automorphism of X @a Y with
1®, BkHAj®,= H,gp W€ have only to show (A7®, D' =A&, D) if Ais
densely defined and closed with p(A) # @. But this follows from Proposition 1.7,
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since the adjoints of two densely defined linear operators whose graphs have the

same closure coincide. Q.E.D.

2. Spectral mapping theorem. Developing an operational calculus for tensor
products of linear operators, we have shown in [10] the spectral mapping theorem
for certain polynomial operators of the kind (1.2). However, it is not applicable
to the operator such as A® I+ I ® B unless at least one of A and B is bounded.

We shall now enlarge the class of polynomials for which the spectral map-
ping theorem holds. In this section only polynomial operators of the kind (1.2)

are considered.

Given n subsets GJ. of C, 1<j<n and a polynomial P(él’ ceey Cn), we
can define P(Gl, cee, G") in an obvious way if P(Cl, ceey {n) is independent
of those variables (J. for which the Gj are empty, and otherwise we set
P(G,-++, G)=8.

In the sequel, A and B are assumed to be densely defined closed linear
operators with nonempty resolvent sets p(A), p(B). For R> 0, K(0; R) will de-
note the closed disc {{; |{| < R}

Let P (A, B) be the class of polynomials P(& n) in & and n having the
following property: for any open neighbourhood W in C of P(c(A), 0(B)) (when
at least one of g(A) and ¢(B) is empty take W =CK(0; R) for any R > 0), there
exists a nonempty open set U (resp. V) whose complement Cu (resp. CV) is con-
tained in p(A) (resp. p(B)) and whose boundary dU(resp. dV) within the closed
disc K(0; R) for each R> 0 consists of a finite number of rectifiable Jordan
arcs and has a length O(R) as R — « such that

i) P(U, V) CW;

(ii) fR(f;, A) is uniformly bounded in CU and yR(y; B) uniformly bounded
in @V;

(iii) P(& ) (|€] + |p]) =" is bounded away from zero on U x V for suffi-
ciently large |£]| + |p|.

Condition (i) means roughly that P(£, n) is, as a mapping of C? into C,
continuous at ¢(A) x 0(B) (cf.[10]). Condition (iii) implies that P(o(A), (B))
is closed in C.

Then

Theorem 2.1. For P € P (A, B)

@.1) P(o(A), 0(B) = o(P(AQI I®B)) = o(P(A®1, I® B))

holds independently of a given uniform reasonable norm o on X ® Y. This
means that (2.1) holds if 0(A) # @ and o(B) # @, and further that the spectra
of P(A®]1, 1 ® B) and its maximal extension P(A® I, 1 ® B) are empty if and
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only if at least one of ¢(A) and o(B) is empty.
To prove Theorem 2.1 we shall need the following lemmas.

Lemma 2.2. Let T: D[T] C E — E be a linear operator in a Banach space
E, G(T) its graph and K. the projection of the closure G(T) C E x E into the
second E. Then K C RIT], so that if K; is dense, T has a dense range.

Proof. Obvious.

Lemma 2.3. If T: DI[T1CE — E is a densely defined closed linear opera-
tor in a Banach space E with nonempty resolvent set p(T), then D[T"*™] is
dense in D[T™] with respect to the graph norm of T" or, equivalently, to the

norm ||x || + i1 |\ T7x|| for any positive integer m.

Proof. Note for each positive integer n, D[T"] is by the Hahn-Banach
theorem dense in E. Thus (T =AD" for A € p(T) is a densely defined closed
linear operator of D[T™?] C E onto E with bounded inverse (T — A)~". Obvious
is the equivalence of the graph norms of T” and (T — AD™ D[T"*™] is dense
in D[T"] with respect to the graph norm of (T — A" if and only if the closure
of the restriction of (T =AD" to D[T"*™] coincides with (T = A" if and only
if (T=AD?D[T™*™] is dense in E. But the last statement is obviously true,
since D[T™] = (T = AD*?D[T"*™] is dense in E for m> 1. Q.E.D.

Proof of Theorem 2.1. We may assume that P(&, ) is not identically con-
stant, and is a polynomial of degrees m in ¢ and n in n of the form (1.1). The
last equality follows from the fact that the spectrum is unchanged under maximal
extensions [9].

We shall be able to show the inclusion P(g(A), 0{(B)) Ca(P(A® I, I ® B))
in the same way as in [9], by making the most of the fact that the spectrum is
divided into the approximate point spectrum which is closed in C, and its com-
plement which is open in C. We denote the approximate point spectra of A and B
by #(A), 7(B), respectively. Let (a, B) €5 (A) x o0 (B). We have

P(A®I1, I®B) - P(a, BYI® D
=P (A LI®RAIA-aD® 1+ P,(A® L I®BII®(B - BN},

where P (£, 7) (resp. P (&, 7)) is a polynomial of degrees < m — 1 (resp. m) in
¢ and <7 (tesp.n — 1) in 7. To treat the case (a, B) € #(A) x #(B) and the
case (a, B) €(0(4)\n(4)) x (6(B)\#(B)), note that if A € 7(A) there exists a
sequence {x, §5_, CD[A™] of unit vectors such that for any polynomial S(£)
of degree < m the sequence {S(A) xV} is bounded and such that, for each poly-
nomial Q (&) of degree < m—1, Q(A)(A - AD) X, converges to zero as v — oo,

and that the same with A, m replaced by B, n, respectively, is true. To treat
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the remaining case (a, B) € 7(4) x (¢(B)\r (B)) or (a, B) € (¢(A)\n(4)) x n(B),
use the fact that if one of the open sets G, and G, in C has an infinite number
of boundary points and if a polynomial P(&, 5) has a zero (£ @ Mo in G, xG,,
then there exists a contour from (& o 170) to a boundary point of G, x G, lymg in
the set {(£ n) € G X Gz’ P(&, n) = 0L (For the details see [10]. )

We show now the reverse inclusion, assuming P(c(A), 0(B)) # C. Let A ¢
P(o(A), 6(B)). If 6(A) or o(B) is empty, A shall be an arbitrary complex num-
ber. P € P(A, B). By assumption there exist nonempty open sets U and V with
Cu cp(A) and Cv Cp(B) satisfying (ii) such that (i)’ |P(& n) - A| is bounded
away from zero on Ux V and such that (iii)’ |P(&, ) = A|(|€] + |7~ ! is bounded
away from zero on Ux V for sufficiently large |£| + |n].

Then for v € X ® Y the integral along the oriented contours dU and JdV

(2.2) (zni)-sz fav (P(& n) - N~R(& A) ® R(y; Blvdldy

exists as an element of the Banach space X @a Y and defines on account of (ii)
and (iii)’' a continuous linear operator of X ® Y C X é Y into X @ Y, since a
is uniform. Its continuous extension to the entire e space X ® Y will be denoted
by Py PSL(A®1, I ®B) with P, =P -\ (cf. ®(P)\‘l A, B) in the notation of
[10]) We shall show each maximal extension P(A ®I I®B) -\ ® I of
P(A® I 1 ®B) - Al ®I has a densely defined continuous inverse.

For u € D[A?™] ® D[B2"],

a4 ~ .
PLUA® L I®B)(PA®LI®B) - M & Ilu
A o a
= P{HA®I I®B)[P(4A®1 1®B) - NIl

= @rd)=2 [,y [ P& D) - NUR(E A @ Rig; B
[P(A® I, 1 ® B) - M ® [ludédy.

The following identities are easily verified:

23) REAx= Y (=) (A-E D" x+ (£~ £) ™ R(E A4 - £D™x,

j=1

2.4) R B y=Y (=g B -nD* 1y + g -5)7"R(y; BY(B-n4D"y
k=1

for (x, y) e D[A™] x D[B"].
For £, ¢ U and n £ V utilizing the identities (2.3) and (2.4) we obtain by
the Cauchy integral theorem
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Ve d

Pil4® 1L I®BIPU® LI®B -l

= @a))=2 [,y o (P& 1) = N1 £)=™(n = )~ "[R(& A) ® Rip; B)]

~A-€ D" @ (B-9 N"I[P(A® I, 1 ® B)- A ® Iludédy
= @)= [y Jou (€= €07 = 0 )= U4 - £ D" @ (B = 7yD"]
- [R(& A) ® R(n; B)ludédy
« @) [y oy (P& D =N £)7(y - )"
[A-£D"® (B-7n,D"1[R(£; 4) ® R(z; B)]
-[P(A® L 1 ®B)~ P(& ) ® Iludfdy

= u’
for the second integral vanishes if we note

PURLI®B -PENI®I= ), ., (é1-4) @ (I-B*
jtk>0

In virtue of Lemma 2.3, any x € D[A™] can be approximated by a sequence
in D[A?™] with respect to the norm | x| + Z ||ij|| and the same is possible
for B. Consequently, D[A2™] ® D[B2?"] is by the reasonableness of a dense
in D[P(A®1, 1 ® B)] = D[A™] ® D[B"] with respect to the graph norm of
P(A® I, I®B) in X®_Y. Thus

—~~ ~ A
@2.5) PilA® L1®B)[PA® LI®B) -M@Iu=u
;ijalid for all u in the domain of P(A ® I, I ® B) and so by continuity of
P;‘ (A® 1, I®B) for all u in the domain of anymmaxxmal extension
P(A® I, I® B). This proves that the restriction of P{ (A ® I, e B) to the
range R[P(A ®I 1®B) - Al ®a 1] is a continuous inverse of P(A®L I®B) -
A ®a I. It remains to show the range of P(A®I, I ® B) - Al @al is dense in
X®, Y.

By the definition of tht;\iinptoper Riemann integral, for v € D[A?™] ® D[B?"]
the integral (2.2), i.e. u= Py HA®IL I ® B)v, can be approximated by a sequence
{”v}v L in D[A?™*11 @ D[B2"*1] of Riemann sums. Obvious is that
[P(A ® 1,1 ®B) - Al ®I]u is convergent to v as v — %, SO that u =
Pr 1(A ®1,1®B)v belongs to D[P(A ® I, I ® B)] by the definition of maximal
extensions, that is, (Py l(A ® I, I ® B)v, v) for every v € D[A2™] ® D[B?"]
belongs to the closure of the graph of P(A®I, I®B) -A®]I Since D[A?™ ®D[B?"] is
dense in X @a Y, it follows by Lemma 2.2 that P(A® 1, I®B) -\ éal as well
as P(A® I, I®B) - Ml ® I has a dense range. Q.E.D.

Remark 2.4. Assumption of the uniformness of the norm a in Theorem 2.1
is only used to assure that the integral (2.2) defines a continuous operator on
X éa Y (cf. [9, Remark 4.10}). Theorem 2.1 is also valid for any reasonable norm
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a on X®Y for whichif u€ X®Y,
IR(&; A) ® R(n; B ul, <[IR(& A IIRG; B ull,

or
I(R(&; A) ® R(n; B ull, < Constane - [£]~ p| =1 |lull,

on CUx Cv.

3. Closures of polynomial operators. If a is faithful and reasonable, we
have seen in virtue of Theorem 1.1 that the polynomial operators (1.2) and (1.3)
are closable in X @a Y. We shall now show these two closures coincide for faith-
ful uniform reasonable @, which reduces the spectral mapping theorem for the
polynomial operators of the kind (1.2) to that for the polynomial operators of the
kind (1.3).

Theorem 3.1. Let a be a faithful uniform reasonable norm on X ® Y and
P €P(A, B) of the form (1.1). If P(a(A), 0(B)) # C, then

~ . A k ~
(3.1) P(A® I, 1®B)=(2cjkm§ B ) .

Proof. Since the right member of (3 1)1 is a closed extension of the left
member, it suffices to show (Zc Al ® Bk) C P(A ® I, I®B)

Let A ¢ P(o(A), 0(B)). By Theorem 2.1 the closure P(A® I, I ® B) —
Al ® I has a bounded i inverse and maps onto X ® Y. Therefore we have only to
show that (Ec Al ® Bk) - Al ® I= (zc Al ® B* - M® I) is one-to-one,
or that its ad;omt has a dense range in (X ® Y)' with respect to the weak to-
pology defined by the dual pair ((X® Y)', D[(Ec A7 ® Bk) 1) (cf.[14]).
Since a densely defined closable operator and its closure have the same adjoint,

we obtain similarly to (1.4)

[<2c].kAj§ B")N ~M® 1] <Zc AT@ Bk -\ ® 1)
NeaaY e - I’
=PA'®I''I'® B')-A"® I'.
We know ¢(A’') =g(A) and 0{(B') =0 (B), so A ¢ P(c(A), ¢(B)) =
P(a(A"), 0(B")), and R(& A") = (£1' - A") =1 = ((£1- A~ D' = R(&; A),
R(p; BN =(I' - B")~1 = ((3I - B)~!)' = R(5; B)'. Therefore condition (ii)
implies that £R(&; A") is bounded in ClJ and pR(n; B') boum,igi/in Cv. we
can define then in the same way as in the proof of Theorem 2.1 P)“I(A'® I'I'® B")
with P, = P~ A by means of the integral (2.2) with R(£; A) replaced by R(& A"
and R(y; B) by R(n; B'). The closure 3(A'® 1''1'@B")=AI' @a, I' of
P(A'®I', I'®B"Y-A'®I' in X' @a, Y' has a continuous inverse which is

(3.2)
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the restriction of Py 1(A ® I', I'® B') to the range R[P(A I, I'®B) - ® .
Note P(A ®I,I'®B')-\ ®a, I' is closed by (3.2) or because the dual norm
a' is a faithful uniform reasonable norm on X'® Y'.

The considerations as before show that the range R[F(A'@ I I'@B)=Al' @a,l']
contains D[(A')2™] ® D[(B')?"]. Similarly to the proof of Theorem 1.1 the faith-
fulness of a yields that D[(A')?™] ® D[(B')?"] is dense in X' @ Y' and
also in (X ® Y)" with respect to the weak topology defined by the dual pair
((X@ Y)', X® Y). Thus the range of P(A ®I',I'®B') -\ ® o 1' is dense
in (X ® Y)' in the same weak topology and so in the weak topology defined by
the dual | pair (X &, V), DI(Tc,47 &, BH 1). Q.E.D.

Since the spectrum is unchanged under the closure operation, the following
theorem is a direct consequence of Theorems 2.1 and 3.1. Note o(A éa D =o(4)
and o(I ®_ B) = ¢(B).

Theorem 3.2. If & is a faithful uniform reasonable norm on X ® Y, then for
P €P(A, B) of the form (1.1)

P(o(A4), 0(B)) = P(g(A % D, a(l? B))

—o(PA® LI®B)=0(P(A® I, I ® B))
= o( c].kAj@ B )= a((Ec].kAj ? Bk>’\‘>.

Combined with Theorem 1.8 for faithful &, we have

Corollary 3.3. Under the same condition of Theorem 3.2 , suppose further it
does not occur that one of the extended spectra ae(A) and oe(B) contains 0
while the other contains «. Then for P € P(A, B)

P(o(A), ¢(B)) = P(a(A @ D, ol @ B))

~o(P(A®L I®B)=c(P(A& 1 18 B)).
a a a a

Remark 3.4. The inclusion P(o(A), ¢(B)) C 0(2 cjkAj @a B*) in Theorem
3.2 may be proved also just in the same way as Theorem 3.6 in [10], if we note
(1.4).

In Corollary 3.3, when P(g(A), 0(B)) £ C and A ¢ P(o(A), 0(B)), the con-
tinuous inverse of the closure P(A éa I, I@a B) - Al éa I may be given also by

the integral

2n)=2 [y Jou (P& D -N"'RE AB DR(; 18 B) day

where the open sets UD g(4) = o(4 éa D and VD o(B) =0all @a B) are chosen
in the same way as in the proof of Theorem 2.1.
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4. Polynomial operators of the first order. We remark first that the generaliza-
tion of the results of the preceding sections to polynomials of n variables is
straightforward (cf. [10, Theorem 3.6]).

In this section we consider in particular polynomials of the first order. The
corresponding operators were treated as separable operators by H. O. Cordes [4],
B. Friedman [S], Ju. M. Berezanskii [2], L. and K. Maurin [16].

4.1. Spectral mapping theorem. E being a Banach space, a densely defined
closed linear operator T: D[T]C E — E is said to be of type (61, M(6)),
0< 65 <m, if the resolvent set p(T) contains the complement of the sector
SO ;)=1¢; larg £| < 04} and |ER(S; T < M(6), 6 = arg £, outside S(07) for
each 011. with 6. < Ofr < 7, where M(6) is a constant depending only on 6 =
arg ¢ ([11], [20D).

The following theorems generalize the results of Ju. M. Berezanskii and
L. and K. Maurin for selfadjoint operators in Hilbert spaces.

Theorem 4.1. Let X]., 1< j<n, be complex Banach spaces and o a uni-
form reasonable norm on X ® -+ ®X. For j=1,2,-++,n, let A’.: D[Aj] C
X — X, be a densely defined closed linear operator of type (0;” Mj(0)) for which
0<6,<mand 0<6,+0, <7 for j#kand j, k=1,2,-+-,n Then

'ON

1, --®l_ @A ®I

j j in® el

2 U(A].) =0
j=1

j=1

il

4 ~
="<<2'1®"'®Ij-1®Ai®Ij+1®"‘®1n )’
o1

provided none of the o(AJ.) are empty.

" The spectra of Z;‘ﬂ L®---® A].® +++ ® 1, and its maximal extension
(2;;1 L®---®4,®---® 1) are empty if and only if at least one of the
O(A}.) is empty.

Proof. Evidently the (vector) sum Z;;Io(A].) is closed in C and does not
cover the whole complex plane C. Let A ¢ 37  g(A), so that §=
dist(), 2;‘;1‘7(‘4,’» > 0. If at least one of the a(A].) is empty, A shall be an
arbitrary complex number. We shall show for this A that we can find those open
sets Uj such as in the proof of Theorem 2.1.

Choose ¢ > 0 such that (0j+e)+(0k+c)=9].+0k+ 2 <m for j# k and

fnk=1,2,-++,7n Set R=(|A]| +1) cosec(maxj#k(0j+ 0, + 2¢)). Then for any k
the vector sum of the sectors

S0, 4+ + 50, 1 ++SO,+p+SWO,, ++---+5(0, +

is away from the origin at distance > [A| + 1, where S(0, + €)= S(6,+ N
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CK(0; R). |2" 4’ Al is bounded away from zero when {=({},+++, {)) is
in [1 1 G where G =1{Z; dist({, o(A )) < 8/2n} if (A ) # @ and G, =
5(9 + e) if a(A )= . For each j, V ; shall be a bounded open set whose

boundary consxsts of a finite number of rectifiable Jordan curves such that o (4 )
NKO; RICV,CG.. If 0(4) NK(0; R) = g, let V. =d. As U,, we choose the
interior of the set (V ﬁK(O R)) US(G. +€)p- Obv1ously, & j=le M(zl’llé,“)-l

is bounded away in absolute value from zero on H" U]. for sufficiently large

Y= . QE.D.
Ifaxsfaithful,wedenote [,®:+-®,_®A, ®L,, ®:-®I by A.
~ 1= ]l n j
and its closure in lexn by A]. for j=1,2,---

The following theorem is a direct consequence of Theorem 3.2.

Theorem 4.2. Under the same condition as in Theorem 4.1, suppose further
a is faithful. Then

2 i (Kj)=a<' A,.> =0 ((i AI.>N
j=1 j=1 j=1 j=1
=g ix} =0’< i?\l] ~ ’
j=1 i=1

provided none of the O(A].) are empty. The spectra of 2;;1 Aj, E;LIXJ. and their
closures are empty if and only if at least one of the o(A].) is empty.

Ms

4.2. Fractional powers. If A and B satisfy the condition of Theorem 4.1
or 4.2 for n= 2, we see by Theorem 3.1 that the closures of A® [+ I® B and of
A @a I+ I@a B coincide if a is a faithful uniform reasonable norm on X ® Y.
It is an important question when this closure coincides with A éa I+1 éa B
itself (cf.[3]).

Obviously they coincide if and only if A éa I+ l@a B is closed in X éa Y.
Note this is valid in virtue of the Banach-Schauder theorem if and only if the fol-
lowing inequality holds:

(4.1) ||A§1u||a5cA[||(A§1+1§ B ull, + ],

or equivalently
(4.2) 118 Bul, < CHIASI+18Bull, + lul,)

for u € D[A éa 11 nD[1 éa B], with constants C4 and Cg.

We shall now derive a weaker inequality than (4.1) or (4.2), considering the
fractional powers of operators.

If A is of type (6,4, M,(0)), the fractional power A, 0<p <1, of A is
defined (cf.[11], [20]):
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(4.3) Afx = S:‘:—""f: LP-ULT+ A)-1Axdl,  x e DIAL

Deforming the integration contour, we can show easily that (4.3) equals

(4.3 Atx = Qu)=! [ (PIR(E A Axdl,  x € DIAI,

.el
where the contour I" = {{; |arg {| = 073}, 64 <65 <m runs from e T to0
and from 0 to we ' T and the branch of (#~! is so taken that Re {#~1> 0

for Re {> 0.

Lemma 4.3. Let a be a faithful uniform reasonable norm on X ® Y. If
A: D[A] C X — X is a densely defined closed linear operator of type (6,4, M4(6))
with 0< 6, <m, sois A®, I For 0<p <1, we have (A&, DH=A4+& I

Proof. Note ¢(A4 @a D=0(A) and R({; A éa D =R( A @al for £ €
pl(A éa D = p(A) [9]. Then the first assertion is evident. The second assertion
for u =0 and p=1 is trivial. To prove it for 0<pu <1, we use the formula of
the resolvent of the fractional power by T. Kato ([11], [20]). Then we have

[M§1+(A§I)“]-1=(M+ A#)-1§1=[(M+ A“)§1)1-1=[M§1+A#§1]-1
whence (4 @a DH = A éa I. Q.E.D.

Under the same condition as in Theorem 4,2 for n = 2. we have

Theorem 4.4. Let X and Y be complex Banach spaces and o a faithful uni-
form reasonable norm on X ® Y. Let A: D[A]CX— X and B: D[B]CY—> Y
be densely defined closed linear operators of type (6,4, M4(6)), 05, Mz(0)),
respectively, with 0< 0, + 05 <m. Then if 0<pu <1, we have for
u € D[A1® D[B]

4 A@D |, = la* & 1ul, < MA@ 1+18® B, +llul,]
and
4.5  NU2B* ul, =188 ul, <C IA® I+1®Bul, +lul,]

with a constant C# depending only on y.
Therefore for A € a(A) + o(B),
(A@1+1®B) -M&N'-(A@I+1®B) -r&I]7!
is a one-to-one continuous linear operator of X éa Y onto D=D[(A®I+1® B)N]
cDl(A ®a D1 nD[(1 @a B)Y] for 0<u <1 and 0<v <1, where D is equipped
with the topology induced by D[(A @a D*l n DU @a B)*], i.e. with the norm
Iz, + (A @a DH4dl|, + | @a B)4| .

Proof. By Theorems 3.1 and 4.1 we have only to establish the inequalities
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(4.4) and (4.5). Since —1 ¢ 0(A) + 0(B), we see by Theorem 4.2 that the closure
of A I+ I ®B+1® 1 has a continuous inverse and maps onto X éa Y.

Choose ¢ > 0 such that 6, + 05 + 2¢ <7 Let v € D[A] ® Y. Then if we
take (4.3)" into account, for 0< 1 <1 the integral

(2mi)~2 frA fPB§+n+ [R(& A A ® R(y; B)lvdldy

where Iy ={&; larg £| =0, + ¢} and g = - Y +{n; largy| = 05 + ¢} is abso-
lutely convergent and defines a continuous linear operator of D[A] ®YCX ®a Y
into X @a Y. We denote its continuous extension to X @a Y by a .

Then similarly to the proof of Theorem 2.1 we have, for « € D[A2] ® D[ B?]
and 7, ¢ S(@é’+ 6 -4,

@“(A®I+I®B+I®I)Nu
=@#(A® I+1®B+1® Du
Mm=1

= (27)=2 frAfPB '.f_iﬁ [R(&; A) A ® R(y; B)]

c[A®I+I1®B+1® udédy

—(2m')~2f f & [R(& A)A ® R(n; B)(B -qD]
- TA9TB (E+ 9+ 1) (n-np) e " o

- [ARI+1® B+1®Iludédy
=Gm=2 o [ €47 -9 HAR(E ) © (B~ 9 DR (y; Bl wd dy

+(2m’)-2f f e [AR(&; A) ® (B-1n,DR(n; B)]
TA“TB (£+ 9+ D(n-17,) ’ ToRR B

[(A-€D® 1+ 1®(B-nDludédy
=(A*® Dy,
for the second integral vanishes. Hence for « € D[A?]® D[B?]
1A% & Dull, < n(fﬂu NA® 1+1®B+1® Dul,
<C MA@ I+ 1®B ul, + | 4,

By Lemma 2.3, we see D[A%] ® D[B?] is dense in D[A] ® D[B] with respect
to the graph norm of A ® I+ I ® B, so that by the closedness of A* éa I the
above inequality is valid for « € D[A] ® D[B]. This establishes (4.4) with
Lemma 4.3. (4.5) will be shown just in the same way. Q.E.D.

4.3. m-accretive operators in Hilbert spaces. In the following, a particular

case where the inequalities (4.1) and (4.2) hold will be considered. Here, X and
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Y are assumed to be Hilbert spaces and a, the uniform crossnorm on X ® Y
such that X ® Y is a Hilbert space [18]. a is faithful. For the norm
we shall use the abbreviation || - ||.

Mg

Lemma 4.5. Let A: D[A1CX — X; B:D[B] CY — Y be densely defined
linear operators.

(1) If A and B are symmetric, sois A®B in X ® Y.

(2) If A is accretive, sois A1 in X ® Y

Proof. (1) Let « € D[A] ® D[B], u= 2 i1 x]. ® ¥ where both the sequences
{x].};:l CD[A] and {y].};zl C D[B] are linearly independent. Then

(A ® B)u, ») =(]E Ax]. ® By].,lz xj® y].> = ]Zk(A X xk)(Byj, yk)

27'213 (xj, Axk)(yi' Byk) =<JZ x;® y}.,}ZAxJ.@ Byj)
=(y, (A® B)u)

(2) Let u €D[A]I® Y, u= E] 1 ]® Y where both the sequences {x} 4 €
D[A] and {yj};ﬂ C Y are linearly independent and further we may assume the

latter is orthogonal. Then

Re((4 ® Du, ) = Re ), (Ax, x)(y, y)> 0. Q.E.D.
;

An m-accretive operator A: D[A] C X — X is by definition a closed accretive
operator whose resolvent set p(A) contains the left half-plane with ||(A + AD)~1||
<(Re M)~! for Re A> 0. It is necessarily densely defined. An m-sectorial opera-
tor A: D[A]C X — X with vertex 0 and semiangle 6,, 0< 6, </2, is by

definition an m-accretive operator with
|Im(Ax, #)| < tan6 , - Re(Ax, x), for x € D[A]

Then the real part H, = Re A is nonnegative selfadjoint, and there exists a
bounded selfadjoint operator S, such that |S,|| <tanf, and A= G,(I+iS,) G,
with G, = H (see [12]).

The following theorem may be considered as a generalization of the results
by V. P. Mihailov [17] for the boundary value problem of quasi-elliptic differen-

tial equations.

Theorem 4.6. Let A: D[A]C X — X and B: D[B] C Y — Y be m-accretive
operators. Either
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(1) if one of A and B is selfadjoint, or

(2) if A and B are m-sectorial with semiangles 0 4, Op> respectively, such
that tan 0, - tan O < 1, then the closure of A® I+ 1®B coincides with
A&, 1+18, B and

oA +0(B)=0(A®D+0(I®B)=0(4A &I+1 & B).
ag ag ag ag

In this case, if A € 0(A) + 0(B), forany [€X éa Y there exists a unique
u€D[A ®a0 11 n D[I ®a0 B] which satisfies [A ®a0 I+ l®a0 B-Al ®a0 Nu=f{.
Moreover the following inequality holds:

el + 114 gluﬂ + 11 gBull <<l

with a constant C independent of u and f.

Proof. In virtue of Theorem 4.2, we have only to establish
(4.2)' I ® B ull <CII(A® I+1®Bul + |||,

for « € D[A]1 ® D[B]. To do so it suffices to show that Re((A ® Du, (I ® B)u)
>0 for u € D[A] ® D[B]. For then it will follow that

((A® Dy, (I ® B)w) + (I ® B)y, (I ® B)u) = (f, (I ® B)u),

where u € D[A]1 ® D[B] and f=(A ® I + I ® B)u, whence we shall be able to
derive (4.2) easily.

(1) Without loss of generality we may assume that A is m-accretive and B
is nonnegative, selfadjoint.

For u € D[A]l ® D[B], u= 2;_:1 X ® Y where {xj};=l Cc D[A] and{y]};___l
C D[B], we have by Lemma 4.5

Re((4 ® Du, (I ® B)a) =Re<Zij® y,.,z x® Byj)
j i
= Re,zk(Axi’ xk)(y], Byk) = Rejzk(ij: xk)(B%yJo B%yk)
]' »
= Re((4 ® DI ® B¥)y, (1 ® B%w)
> 0.
(2) There exist bounded selfadjoint operators S,, S such that IISAII <
tan 0, ISyl <tan 6, and A= G,(I+iS,)Gys Gu = Hif; B=Gpll+iSp)Gp,

Gg = H;’;. Let u € D[A] ® D[B] as in the proof (1). Since G, and Gg are
selfadjoint, and since S, and Sy are bounded, selfadjoint, we have
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(A ® Nu, (I ® Ba)

= L (4x, x)(y, By,
ik
= % ((1+i5,)G, %, G4x)(Ggy,, (I +iSp)Gpy,)
1s
- Z:,e (G, Gax) (Ggy, Gpyy) + (S4Gaxy Gaxy) Gy, SpGpy,)]
1.
+1 4 k[(SAGijo GAxk)(GByj' GByk) - (Gij’ GAxk)(GByj, SBGByk)]
]I
. Z;c[(Gij, Gax) (GpyGpyy) +(S4G %, Gax)(S5Gpy, Gy,
1,

+ i) (S4Gax, Gax) Gy, Ggyy) - (Gaxp Gax)(SpGay s Gyl
j’k

=[((G, ® GRlu, (G, ® GRlu) + (S, ® SE)(G, ® Gplu (G4 ® Gplul]
+i[((5,® D(G, ® Gzlu, (G, ® Gplu)
~(1® 55)(G, ® Gplu, (G, ® Gplu)l.

By Lemma 4.5 (1), both the expressions in the brackets [+«+] of the above last
formula are real. Thus it follows by the uniformness of a, that

Re((A ® Du, (I ® B)u)
=((G, ® Gplu, (G, ® GRlw) + (S, ® SE)(G, ® GRlu, (G4 ® Gplu)
> (=S4l 185G, ® Gplu (G4 ® Gpu)
>(1-tanf,-tan0z) (G, ® Gplu, (G, ® Gglu) > 0. Q.E.D.

Finally, we note that our results may also be applied to the spectral theory

of many-body Schrédinger operators (cf. [1], [1al).
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