
TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 170, August 1972

OPERATORS ON TENSOR PRODUCTS OF BANACH SPACES
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TAKASW ICHINOSE

ABSTRACT.  The present paper is a study of operators on tensor products of

Banach spaces with the notion of maximal extensions introduced by G. Köthe such

that the closure of a closable operator is its unique maximal extension.   For a

class of such operators the spectral mapping theorem is established.  The results

apply to the operator A ® / + / ® B and give a new meaning to the method of sep-

aration of variables.

Introduction. Given densely defined linear operators  A   and B  in Banach

spaces  X,  Y,  respectively, we assign to each polynomial in <f and 77

(1.1) Pitrv-Yj^kt1-^

two kinds of polynomial operators

(1.2) Yjc kA'   ® S* = pU ® /» ' ® B)

and

(1.3) Yc.A'   ê Bk

defined in the tensor product  X <8>a  V,  the completion of X <8> Y  with respect to a

reasonable norm   a. A' ®a B     denotes a maximal extension of A! ® B     in

X ®a Y.  If A  and  B  ate bounded, it has been shown by M. Schechter [19] and

the author [10] that the following spectral mapping theorem holds independently

of a given uniform reasonable norm  ex:  P(ct(A), a(ß)) = er(P(A ® /, I <8> B)).   This

is a classical result of C. Stephanos when X and V are finite dimensional so that  A

and  B  may be represented as matrices  (see [15]).  A further extension of this re-

sult is obtained in [10] for not necessarily bounded operators and polynomials

continuous at the extended spectra.  But the class of polynomials there is rather

restricted.

The main aim of the present paper is to establish the spectral mapping

theorem for a larger class of polynomials, though imposing certain restrictions

on the operators.  In particular, our theory applies to the operator A ® / + / ® B

and extends the results of H. O. Cordes [4], Ju. M. Berezanskii [2], L. and K. Maurin
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[16] for selfadjoint operators.  The spectral mapping theorem imparts thereby a

new meaning to the method of separation of variables (cf. B. Friedman [5]).

§1 is concerned with polynomial operators and the closability of the opera-

tors of both (1.2) and (1.3).  In §2 the spectral mapping theorem for the operators

of the kind (1.2) is presented.  In §3 we show for a faithful uniform reasonable

norm that the closures of both the operators (1.2) and (1.3) coincide.  This fact

reduces the spectral mapping theorem for the operators of the kind (1.2) to that

for the operators of the kind (1.3) since the spectrum is unchanged under the clos-

ure operation.  §4 is devoted as a special case to polynomial operators of the

first order, which were treated in [2] and [l6]. We consider fractional powers and

present as a special case a generalization of the results by V. P. Mihailov [17]

for the first boundary value problem of quasi-elliptic differential equations.

Finally we note that assumption of the faithfulness of the norm  a will fa-

cilitate all the considerations.

For the basic notions and results on linear operators and tensor products

used here, we follow [14], [7], [9] and [lO] (cf. [8], [l3], [20], [6], [l8] ).

1.  Polynomial operators.   Throughout,  X and   Y will denote complex Banach

spaces and  a  a reasonable norm on the tensor product  X ® Y,   i.e. a crossnorm

whose dual norm  a '  is also a crossnorm on X   ® Y . X ®    Y is the completion

of X ® Y with respect to  a.

Let A: D[A] C X —> X; B: D[B] C Y —> Y be linear operators with spectra

a(A), a(B)  and with resolvent sets p(A), p(ß).

To each polynomial of degrees  m  in ^ and  72  in 77

<1J) p(6 j,) = Yicik& " ^    (c/fe: comPlex)>

we assign the following two kinds of polynomial operators in X ®  Y

(1.2) JjckA' ® Bk = P(A ® I, 1 ® B)

with domain

D[P(A ® /, / ® B)] =        fi        D[A> ® Bk]
j,k;Cjk*Q

H       D[A>] ®D[Bk] = D[Am® B"]

j,k;cjk*0

= D[Am] ®D [Bn]

(see [10] or use [9, Lemma 4.20]), and

(1.3) Yc.,A>®Bk
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with domain D[£ cjk A1®aBk] = f|y k.c .  ¿oDlAÍ ®aBk].   Here A'®aBk denotes

a maximal extension of A1 ® B   in X ®aY for each pair (/, k) of nonnegative integers. /

will denote the identity operator in both X and Y, and / ®a¡ in X ®aY. The polynomial op-

erators (1.2) and (1.3) have maximal extensions in X ®a Y, which we shall denote by

P(A®/, /®ß)  (cf. ®(P;A, B)  in the notation of [ 10]) and (£ c .^A'(8^8^,

respectively. When they are closable, their closures are their unique maximal

extensions. So we shall employ the same notations for the closures (cf. [14]).

A reasonable norm  a is said to be faithful if the natural continuous linear

mapping of X ®aY  into X ®Y is one-to-one.  If X  and  Y contain Schauder

bases, every uniform reasonable norm on X ® Y  is faithful (see [6]).

Theorem 1.1.  If A  and B  are closable and have nonempty resolvent sets

piA), piß),   then the polynomial operators (1.2) and (1.3) are closable in X ®aY,

provided a  is a faithful reasonable norm on X ® Y  (cf. [9], [10]).

Proof.   It suffices to show the closability of (1.3), since (1.3) is an exten-

sion of (1.2). We may assume  A  and  B closed.  For simplicity further assume

them densely defined.  Then, since p(A)    and p(S)  are nonempty, A1 and B

ate also densely defined and closed (e.g. [8]). Since

D[Am] ® D[Bn] C DWcjkA'ê Bfe| =        f|       D[Aj ® Bk],
L a       J       i,k;c jk^O

the operator (1.3) is densely defined in X ®   Y,  so that its adjoint is well de-

fined. We have in general

(1.4)

DYjCJk{A,)' ®iB')k = P(A'® I', I' ® B'\

for a densely defined linear operator and its maximal extension have the same

adjoint.  If A   is closed with p(A) 4 0,  D[iA )!]  is dense in  X   , where  Xs  de-

notes the dual space X    equipped with the weak topology defined by the dual pair

VX', X). The same is true for B.

Since  oo  is faithful and since every element of X ®   Y  is separately contin-

uous bilinear on  X'a x Y's,   D[PiA' ® /', /' ® s')] = D[iA ')m] ® D[iß')n]   is

dense in (X ®a Y)    with respect to the weak topology defined by the dual pair

<(X ®   Y)', X ®„Y), so that the domain of iJ\c .,Aj ®n Bk)'   is dense in (X ®„ Y)'

in the same weak topology.  This proves the closability of (1.3).    Q.E.D.

If £ is a Banach space and T: D[T] C E -*+ E is a linear operator with do-

main D[T] and range R[T] in E, GÍT) denotes the graph of T. Every maximal

extension  T of  T has the same domain D[T] = Hj* which is the projection of the
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closure G(T) C E x E into the first E. The singularity S[T] of T is by defini-

tion the set of all y £ E such that (0, y) £ G(T). S[T] is a closed subspace of

E and S[T] = S[T].   T is closable if and only if S[T] = 0 (see [14]).

Proposition   1.2.  Let  a  be a reasonable norm on X ® Y.   Let A  and B  be

densely defined maximal linear operators.   Unless one of the extended spectra

a (A) and a (B)  contains  0 while the other contains <x>,  then

(1.5) D[A ®B]n(X®   Y) =. HA0B n (X ® Y) = D [A] ® D [B] =- D [A ®  B].

Remark 1.3. The assumption for A  and B  in Proposition 1.2 is equivalent to

the following condition consisting of three mutually exclusive parts ([9], [l0]):

(i) A  and  B  are bounded;

(ii) A  and B  have densely defined bounded inverses;

(iii) one of A  and B   is bounded and has a densely defined bounded inverse

while the other is arbitrary.

Proof of Proposition 1.2. The inclusion D[A] ® D[B] C D[A ®aB]t~\(X® Y)

is obviously true.

To prove the reverse inclusion let u £ D[A ® B] O (X ® Y). We may assume

u £ 0. u has an expression Y'_, x . ® y . in which both the sequences \x Y_, and

iy.C, are linearly independent and the number r, i.e. the rank of u, is determined

uniquely.  Then, for (x\ y') £ D[A'] x D[b'],

(A®Bu, x> ® y<) = (u,(A® B)'(x' ® y')) = (u, A'x'  ®   S'y')
a a

(1.6)

=  £<*.,  A'x'Hy.,  B'y').

7 = 1

The proof will be divided into three cases corresponding to the equivalent

condition reformulated in Remark 1.3.

(i) (1.5) is obviously true, since D[A] = X and D[B] = Y by maximality.

(ii) We have  0 £ p(A) = p(A')  and  0 £ p(s) = p(ß').

Since the adjoint operators are always closed, A    maps  D[A ] onto  X . Since

the x. are linearly independent, there exists a sequence ix'. !r      in D[A ]  with

{x., A'x'k) = 8 k for /, ft = 1, 2,• •• , r.  It follows from (1.6) that, for all y' £

D[B'],

(A®Bu,x'   ® y') = (yk, B'y'),       ¿=l,2,---,r,
a K K

so that, since the dual norm a'  is also reasonable and B  is maximal, we have

y,  £D[B]  tot ¿= 1, 2,--- r.
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Choosing a sequence \y'.\T. . in D[B ] with (y., B y!) = 5.,, we conclude

similarly xk £ D[A] tot k = 1, 2,- • •, r.

(iii) Without loss of generality we may assume A   is bounded with a densely

defined bounded inverse.  Then by maximality  D\A] - X,  so D[A ] = X   . Since

0 £p(A) = p(A'),  the proof in (ii) yields yk £ D[B]  tot k = 1, 2, • • • , r.     Q.E.D.

Recall that if T is closed or if  T is one-to-one and open, then  R[T]Pi

S[T] = 0 (cf. [14]), in order to understand better the condition of the following

Proposition 1.4. Let a be a reasonable norm on X ® Y. Let A and B be

densely defined maximal linear operators. If A is one-to-one and R[A] O S[A]

= 0, then

D[A®B]r\(D[A]   ®  Y)= HA^Br\ (D[A]®Y)

= D[A]  ® D[B]= D[A® B].

Proof. Let u = Y/^x. ®y. £ D[A ®aB] H (D[A] ® Y), u / 0, where both

the sequences ix!r C D[A] and iy-ly, C Y are linearly independent. Then it

follows from (1.6) that

r

(A®Bu,X<   ®   y') =  £ (Ax.,  x')< y.f  B'y').

;'=i

Since A  is one-to-one, the Ax. as well as the x. are linearly independent.

Since (X/S[A], D[A'])  is a dual pair and R[A] n S[A] = 0, there exists a

sequence \x'.}r.      in D[A']   with  (Ax., x') = <5 -,   for ;', k = 1, 2, • • • , r. A sim-
7  7 = i 7fe J ft

Hat argument to the proof of Proposition 1.2 concludes y,  £ D[b]  tot ft = 1,

2,---,r.     Q.E.D.

Remark 1.5. The following counterexamples show Propositions 1.2 and 1.4

fail if the assumptions there are not satisfied.

(1) Recall Counterexample 4.18 in [9].   Let X = Y = I2  and let {ej~=,   be

the canonical orthogonal basis in  / .   For a certain uniform reasonable norm  a

I2 ®„    I2   is identified with the Hilbert space \(c     ^Y00       Ac     |2<°°S.   De-
O.0 r 772 77'4-/772,77 = ll7?272l

fine A  with D[A] = I2 by

Ae    =0   f or J7Z = 1, m > 2 ;       A e . = e,,
772 ''21

and B with D[B] = {(cn) e /2; ^~=J |?icn|2 < ~}  by

Be   = ne       for   72 = 1, 2,- ■ • .
77 77 '    '

A   is bounded and  B   is closed, a (A) = \0\  and a(&)= \n\™_y>  The norm  aQ  is

necessarily faithful, so  A ®a    B  is closed in  Z2 ®a   Z2.  D[A ®&   B] =

^c77¡72)e/2®a0^;  Z:=ll"c2J2<-5-   Let  ^Ü, 1/2, 1/3,'..) e/2.  Then
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b-il/2)e    £ D[A] = I2 and b 4 Día].  But ib - il/2)e ) ®b £ D[A ®a   B],
- 1 O.Q

since all the coefficients  c       of ib - (l/2)e.) ® b = ¿j        c     ie    ® e )  vanish.

(2) We consider in the same Hilbert space  I   ®a   I2  as in (1).  Let  B  be the

same operator in I2 as in (1). Define A with  D[A] = ¡ic  ) £ I2;  V00     I 722 c   t 2 < oof by
m '   L¡m-y       7zz' '

Ae, = Ae_=0    and    Ae    = me       for 772 > 2.
\ l mm

A   is closed but not one-to-one.  A ®      B  is closed in  /    ®„    /    with domain
a0 an

D[A ®„    B] = \ic     )£l2®      l2; Y00      Y°°     \mnc     |2 < «.|.   Let a = (l, l/22,
L dg mn Œq       '   ¿jm = i ¿jzz = l ' miz1 '    '        '

1/32, •• •) el2  and  b = (l, l/2, 1/3,- • •) e /2.  Then a + e^  and a + c?2  are in

D[A]  and linearly independent,   b and  a+ b  ate linearly independent and do not

lie in  D[B].   But (a + e,) ® (a + b) + (a + e,) ® (-è)   lies in D[A ®„    B],

In what follows, we study how  A1 ®a B     is related to A ®a/ and  / ®aB.

Proposition 1.6.  Besides the condition of Proposition 1.2  assume  a  is uni-

form, and A and B are closed.   Then for any maximal extensions A ®   I of

A ® I and I ®aB  of I ® B,the closures of the graphs of (A ®a/)(/ ®aß),

(/ ®aB)(A ®aI) and A ® B  coincide. Any maximal extension A ®a B  of A ® B

equals (A ®a l)(l ®    B)  aTza" (/ ®a B)(A ®   /)  for some maximal extensions

A ®a / aTî^ / ®a B.

// a  is, in addition, faithful then

(1.7) A ® B = (A ® /)(/ ® B) = (I ® B)(A ® I).
a a a a a

Proof.   The  proof will be divided into three cases corresponding to the

equivalent condition reformulated in Remark 1.3 (cf. proof of Proposition 1.2).

(i) As a is uniform,    A ®aB,  A ®a / and  / ®a  B  ate nothing but the con-

tinuous extensions of A ® B,  A ® I and I ® B, respectively, to the entire space

X <§>   Y,  so that A ®„ B = (A ®„ /) (/ ê   B) = (I ®n B) (A ®„ l)  on X ®n Y.
CL CL CL CL tX tX Cc

(ii) Since  0 £p(A) and  0 £ p(B),  A® B  maps D[A] ® D[B]  onto X ® y,

and by uniformness of a and by case (i) above we obtain   A~    ®a B~   =

(A"1 ®aB)(/®aB_1) = (l®aB~1)(A~1 ®a I)  on X ®a Y.   Thus if A ®a / and

/ ®   B ate arbitrary maximal extensions, then

D[(A® I)(I®B)] = (I® B)(-1]HA6ilC(I ®B~1)HA^.a a a /tes z a s\w 1
(1.8)

= (/® B-^RiA-1 ®I]= R[A-1®B~l] = WA«r,
a. a a /i<c9J

and similarly D[(/ ®a B)iA ®a /)] C HA(g)B.  This proves

G(U®/)(/®ß))= G((7® 8)(A®/)) = GiA ® ß),
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since (A ®a /)(/ ®a B)  and (/ ®a B)(A ®a I)  ate extensions of A ® B.

To show the second assertion let A ®a 8  be an arbitrary maximal extension.

First note that if u £ D[A] ® D [B]   then (A ® B)u = (A ® /) (/ ® B)u =

(I ®B)(A® l)u.   Now let u £ D[A ®a B] = HmB but u ¿D[A] ® DIE]; there exists a

sequence ¡a !".   in D[¿4] ® D[B]   suchthat (u ,  (A ® B)u  )  converges to

(u, A ®aBu)  in (X®a Y) x (X ®a Y) as v -» «..  Clearly «v e D[7 ® B] =

X ® D[B]  and by continuity (/ ® B)uy = (A~ 1 ® /) (A ® 8)22 ̂  converges to

(A-1 ®a /)(A ®a B)w as v —» 00,   so that  a 6 f//8ß.   By Proposition 1.2 or 1.4,

uiX® Y otu i X®D\B\. Thus D\A ®aB]\(D[A] ® D[B]) C 77,0ß\(X ® D[B]).

There exists then a maximal extension / ®a 8  of / ® 8  such that I ®a Bu =

(A"1 ®a/)U ®aB)w for  u £ D[A ®aB]\(D[A] ® D[ß]).   Then clearly  / ®a B22

efiU'1 ®a7] = 77A(g)/ or u £(¡®aB)(-l)HA<giI.  I ®B maps X ® D[B]  onto

X ® Y and 7 ®a 8 as well as  7 ® 8  is one-to-one (cf. [9, Corollary 4.2]), so, by

Proposition 1.2 or 1.4, u £ D[A ®aB]\(D[A] ® D[B])  implies  7 ®a Bu £

HAqj\(D[A ] ® Y).   There exists a maximal extension A ®a / of A® I such that

(A ®a7)(7®aB)î2= A ®a Bu tot u £ D[A ®aB]\(D[A] ® D[B]).   In the same

way we shall find suitable maximal extensions A ®a 7 and 7 ®a 8  for which

(7®aB )(A ®a7) = A ®aB  holds.

(iii) We may assume  8  and  8        are continuous on   V.  Then ¡®B  and

7 ® 8        are automorphisms of X ® Y,   so that by uniformness of  a there exists

a positive constant  C  such that, for u £ D[A] ® Y,

C-l\\(A ® I) u\\a < \\(A ® B)u \\a < C \\(A®i)u \\a.

Hence  HA9B = H^V and (7 ®a B)HA9¡ = (7 ®a B" ^77^, = HA0,.   If A ®a 7

is an arbitrary maximal extension, then

D[(A®7)(7®B)].(7®B)(-1)77^/ = (7®B-1)H^/=7/^,= 77A0B

and

D[(7®B)(A®7)],(A®/)(-%/0ß = (A®/)(-n(x|y) = DU|/] = H^/=w^B.

It follows, though more stronger than the first assertion of Proposition 1.6, that

(A ®a 7) (7 ®a 8)  and (/ ®a 8) (A ®a 7)  are maximal extensions of A ® 8.   In this

case the second assertion is evident; in fact, if A ®a B  is an arbitrary maximal

extension, then (A ®a B)(l ®a B)~ l = (A ®a b) (l ®a B" l) and (/ ®a B)~KA ®a B)

= (/ ®aB~1)(A ®a B) are maximal extensions of A ® 7.

Finally, if a  is faithful so that A ®a 8,  A ®a 7 and 7 ®a 8 are closed

[9, Theorem 3.8], then (1.7) is seen to be true for cases (i) and (iii) in our proof

as above.  For case (ii) equality holds valid in (1.8) since A ®a 7 and 7 ®a 8

map onto X ®a Y,  which yields (1.7).    Q.E.D.
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Proposition 1.7.   Let  a  be a uniform reasonable norm on X ® Y.   Let A:

D[A]CX —»X  be a densely defined closed linear operator with nonempty re-

solvent set piA).   Then for any maximal extension A ®    I of A ® I the closures

of the graphs of (A ®    l)1 and A7 ® / coincide.

If a  is in addition faithful, then A' ®a I = (A ®a ¡)'.

Proof.  Note A'  is closed since piA) 4 0.

First suppose  0 e piA).   Then by uniformness of  a.  A-7 ®a / = (A-! ®a/)7

on X ®a Y.  If A ®a / is a maximal extension, then

D[(A® I)J]~(A ®/)(-l7D[(A el)''1]
a a a.

CiA~l ® I)D[ÍA ® 7)7'-1]
a a

CÍA'1 ® 0,_1D[A®/] = (A-1 ®/)7'-1ß,„,

= R[(A-! ® I)'] = R[A~j ® /] = H   y      .
a. a A'®/

Now we remove the assumption  0 £ piA).   If X £ piA),  we have

(1.9) A>= C1(A;j)(A-XlV    and    (A - Xl)> = C2(A ; j)Aj + CÁ.A; j),

where  C .(A; j),   z = 1, 2, 3,  are certain bounded operators on X  with C.(A; J) A C

AC {A; j).   It follows by uniformness of a that there exists a positive constant

C such that for all u £ D[Aj] ® Y = D[(A - XI)1] ® Y

C-l\\((A - XIY® I)u\\a < ||(A7® I)u\\a + \\u\\a < C\\((A - A/)7® 7)a||a,

whence  H    .     = H       ,     .     .   On the other hand (A - XI) ® / = A ® / - XI ® /.
A1®1 (A-Xl)1®l

Hence (A - À/) ®a / = A ®a I - XI ®a /;  by this is meant that any maximal exten-

sion (A - XI) ®a I of (A - Xl) ® I equals A ®a / - XI ®a / for some maximal ex-

tension A ®aI of A ® I,  and vice versa. It follows that D[(A ®a /)7] =

D[(A ®aI - XI ®a I)'] = D[((A - XI) ®a l)J].   From the preceding case, we obtain

D[(A è   /)'] C H A    .     .     = H    .    . This proves
a (A-XZ)J®/        A,®] r

G((A®¡)')= G(A1®1),
a

since (A ®a/)'D A7® /.

The assertion for faithful  a  is evident, since the closure of a closable

operator is its unique maximal extension.    Q.E.D.

From Propositions 1.6 and 1.7 follows immediately

Theorem 1.8.  Let  a be a uniform reasonable norm on X ® Y.   Let A  and B

be densely defined closed linear operators with nonempty resolvent sets piA),
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p(B) such that it does not occur that one of the extended spectra a (A) and

a (B) contains 0 while the other contains oo.   Then for any maximal extensions

A ®aI of A ® I and I ®aB of I®B, the closures of the graphs of (A ®a ¡Y(l ®a B)k,

(l ®a B)k(A ®a lV and A; ® Bk  coincide for each pair (j, k)  of nonnegative in-

tegers.

If a.  is in addition faithful so that the A1 ®aBk are closed in X ®a Y, we have

A> ® Bk = (A® I)'(I ® B)k = (7 ® B)k(A ® 7)',
a a a a a

so that for polynomials of the form (1.1)

Yc.,A> ® Bk= P(A ® 7, 7® B).
t—>   Ik       a a a

Corollary 1.9.  Under the same condition as in Theorem 1.8 we have

(1.10) (A7 ® Bk)' = ((A ® 7)7'(7 ® B)k)' = ((7 ® B)k(A ® I)')',
a a a a a

(1.11) (A7 ® BkY = ((A ® I)')'((I ® B)')k = ((I ® B)')k((A ® I)')'.
a a a a a

Proof.   (1.10) is a direct consequence of Theorem 1.8.  To prove (1.11) set

A®a/=A and /®aB = B.   From (1.10) we obtain (A> ®a Bk)' 3 (A'V(B')* and

(A'®aBk)'D(B')k(A'y. Note (A'y(B')k and (B')k(A')> are closed in

(X ®a Y) .   In fact, since the adjoints  A    and B    are closed and p(A ) = p(A) =

p(A ®al) = p(A)¿ 0 and p (B' ) = p(B) = p(7 ®a 8) = p(B) 4 0 [9, Corollary

4.2], (A );  and (B')     are closed.   Observing the equivalent condition reformu-

lated in Remark 1.3, we obtain the inequalities

||(B')^'|la.<CA[||(A')'(B')V||a,+ ||22Mla7]

for  u> £D[(A'y(B')k],  and

KA')V||a, <CB[f(B')*(A')V¡a,+ IB'ta,]

for  u' £ D[(B')   (A')j],  where  C.   and C„  are constants independent of u'.

Then the closedness of (A')'(B')k and (B')*(A');  follows in virtue of the

Banach-Schauder theorem.

Now (1.11) is clear for case (i).  The condition (ii) implies (with the aid of

Theorem 4.13 in [9])  0 4 a(A)'ct(b)* = a(A')a(Bh) = a(Aj ®a Bk) = a((A> ®a BkY),

that is, (A7 ®a Bk)' maps onto (X®d Y)' and has a continuous inverse.     (A')'(B')*

has also the same property.  Consequently (A7 ®a B )' = (A')7(B')   .  Similarly

(A7 ®a Bk)' = (B')HA')'. For case (iii), we may assume 8 and B-1  are con-

tinuous on  Y. Since  7 ®   Bk = (I ®a 8)    is an automorphism of X ®a Y with

7 ®„ Bfe77    -     = 77   .    , we have only to show (A7 ®„ /)' = ((A ®„ 7)')7' if A  is
a A7®; Ami ' a. a

densely defined and closed with p(A) 4 0.  But this follows from Proposition 1.7,
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since the adjoints of two densely defined linear operators whose graphs have the

same closure coincide.    Q.E.D.

2. Spectral mapping theorem.  Developing an operational calculus for tensor

products of linear operators, we have shown in [10] the spectral mapping theorem

for certain polynomial operators of the kind (1.2).  However, it is not applicable

to the operator such as A®/+/®ß unless at least one of A  and B is bounded.

We shall now enlarge the class of polynomials for which the spectral map-

ping theorem holds. In this section only polynomial operators of the kind (1.2)

are considered.

Given 72 subsets G. of C, I < j < n, and a polynomial P(z¿\, •■•, ¿, ), we

can define PiG,,•••> G^> in an obvious way if P(£,, • • ■, £ ) is independent

of those variables  £. for which the  G. are empty, and otherwise we set

PiGv..., rjn)= 0.'
In the sequel, A  and  B  are assumed to be densely defined closed linear

operators with nonempty resolvent sets piA), piß).   For  R > 0,   KÍ0; R.)   will de-

note the closed disc i£; \£\ < R],

Let i/(A, B)  be the class of polynomials  P(£ 27)  in <f and 77  having the

following property: for any open neighbourhood  W  in C  of  PiaiA), aiß))  (when

at least one of oiA) and criB)  is empty take  W = (2K(0; R) fot any R > O), there

exists a nonempty open set U (resp. V) whose complement C 1/ (resp. Cv) is con-

tained in piA) (resp. piß))  and whose boundary c91/(resp. dV)    within the closed

disc   KiO; R)  fot each R > 0 consists of a finite number of rectifiable Jordan

arcs and has a length  0 (R) as  R —> 00  such that

(i) P(U, V) C W;

(ii) çfR(£; A)  is uniformly bounded in &U and r¡RÍr¡; B)  uniformly bounded

inèV;

(iii)  P(çf, 77)(|cf| + I77I)        is bounded away from zero on  (7 x V  for suffi-

ciently large   |cf| + |r/|.

Condition (i) means roughly that   P(<f, 27)   is, as a mapping of C     into C,

continuous at oiA) x aiß)  (cf. [lO]). Condition (iii) implies that  P(cr(A), o(B))

is closed in C.

Then

Theorem 2.1.  For P £?(A, B)

(2.1) P(ct(A), ct(B)) = ct(P(A®/, /®B))=ct(P(A®/, /®B))

holds independently of a given uniform reasonable norm a  on X ® Y.   This

means that (2.1) holds if oiA) 4 0 and oiß) 4 0,   ctnd further that the spectra
-"o

of PÍA ® I,   I ® ß) a72z7. its maximal extension  PÍA ® /,   / ® ß)  are empty if and
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072/y if at least one of a (A)  and a(B)  is empty.

To prove Theorem 2.1 we shall need the following lemmas.

Lemma 2.2. Let T: D[T] C F —► E be a linear operator in a Banach space

E, G(T) its graph and 7<_ the projection of the closure GÍT) C E x E into the

second E.   Then  Kj. C R[T],  so that if KT  is dense,   T has a dense range.

Proof.   Obvious.

Lemma 2.3.  If T: D[T] C F —»F  is a densely defined closed linear opera-

tor in a Banach space  E with nonempty resolvent set  p(T),  then D[T" m]   is

dense in D[Tn]  with respect to the graph norm of T"  or, equivalently, to the

norm  ||x|| + Y"_, ||T7x||  ¡or any positive integer m.

Proof.  Note for each positive integer 72,   D[T"]   is by the Hahn-Banach

theorem dense in  F.  Thus (T - Xl)n tot X £ p(T)  is a densely defined closed

linear operator of D[Tn] C F  onto  F  with bounded inverse (T — Xl)~n.  Obvious

is the equivalence of the graph norms of  T" and (T - Xl)".   D[T"  m]   is dense

in D[Tn]  with respect to the graph norm of (T - XI)"  if and only if the closure

of the restriction of (T-À7)" to D[Tn+m] coincides with (T-A7)"  if and only

if (T- Xl)n D[Tn+Tn]   is dense in  F.  But the last statement is obviously true,

since D[Tm] = (T-XD"D[Tn+m]  is dense in F for 772 > 1.    Q.E.D.

Proof of Theorem 2.1. We may assume that  P(ff, 77)  is not identically con-

stant, and is a polynomial of degrees 772 in <f and 72 in 77 of the form (1.1). The

last equality follows from the fact that the spectrum is unchanged under maximal

extensions [9].

We shall be able to show the inclusion  P(a(A), a(B)) Ca(P(A ® I,   I ® B))

in the same way as in [9], by making the most of the fact that the spectrum is

divided into the approximate point spectrum which is closed in C,  and its com-

plement which is open in C. We denote the approximate point spectra of A  and B

by 27(A), 77(8),  respectively. Let (a, ß) £a(A) xct(B).  We have

P(A®7, 7® 8) - P(a, ß)(l®l)

= Pj(A® 7,/®B)!(A- a7)® /!+ P2(A® I, I®B)\I®(B- ßl)\,

where  P.(£, 77) (resp. P2(<f, 77))   is a polynomial of degrees  < 772 — 1 (resp. 772) in

<f  and < 72 (resp. 72 — 1) in 77. To treat the case (a, ß) £ 77(A) x 77(B)  and the

case (a, ß) £ (a(A)\n(A)) x (a(B)\n(B)),  note that if A e 77(A) there exists a

sequence  f.*   1~_, C D[Am]   of unit vectors such that for any polynomial S(¿j)

of degree < 722 the sequence |5(A) x   \  is bounded and such that, for each poly-

nomial Q (<f) of degree < m— 1, Q(A)(A - XD x    converges to zero as v —> °°,

and that the same with A, 772 replaced by B, n,  respectively, is true.  To treat
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the remaining case (a, ß) £ 77(A) x (a(ß)\?7 (ß))   or (a, ß) e (a(A)\rz(A)) x 77(B),

use the fact that if one of the open sets G.   and G2  in C has an infinite number

of boundary points and if a polynomial  P(<f, 77)   has a zero (<f , 77 „)   in  G. x G2,

then there exists a contour from (çfQ, 77 J  to a boundary point of G.xG2   lying in

the set Kef, 77) e G, x G2;  P(çf, 77) = O!.   (For the details see [10].)

We show now the reverse inclusion, assuming  PiaiA), oiB)) 4 C.   Let À 4

PiaiA), oiB)).   If ct(A)  or aiß)  is empty,  À shall be an arbitrary complex num-

ber.   P £ J ÍA, B).   By assumption there exist nonempty open sets   U and  V with

CUC piA)  and Cv C piß) satisfying (ii) such that (i)'  |P(£ 27) - X\   is bounded

away from zero on  fix V and such that (iii)'  |P(<f, 17) - A|(|cf| + I27I)-1 is bounded

away from zero on  ii x V for sufficiently large  |<^| + |tj|.

Then for v £ X ® Y the integral along the oriented contours <9(7 and dV

(2.2) (277Z-)-2 faufav(P(& r,)-X)-KRi{;A) ® Rirj; B)] v d£ dv

exists as an element of the Banach space X ®a Y and defines on account of (ii)

and (iii)   a continuous linear operator of X ® Y C X ®a Y into X ®a Y,   since  a

is uniform.  Its continuous extension to the entire space X ®    Y will be denoted

by P^HA® I,   I ®ß) with  Px = P - À (cf. ®(PX_1; A, B)  in the notation of

[10]). We shall show each maximal extension  P(A ® I,   I ® ß) - XI ®a / of

P(A ® I,   I ® B) — À/ ® / has a densely defined continuous inverse.

For u £D[A2m] ®D[B2n],

PX_1U®/, /®ß)[P(A® /,/®B)- XI® I]u

= Pj^Ka®/, /®B)[P(A®/, / ® B) - A/®/]zz

= (277Z-)-2fdU fdVÍP(£ 77) - X)- 1R(£ /4) ® P(77; B)]

• [P(A ® /, / ® B) - XI ® l]ud£dr].

The following identities are easily verified:

m

(2.3) R(€;A)x = ]?ic; - tA-AA - t^-'x + it - £0)-m Rit; A)iA - Ç0I)mx,

7 = 1

(2.4) **¡ B)y=fjirl- r,Q)-kÎB - r,Ql)k'ly + (27 - 77^" «(27; B)(ß - ^.Ty

for (x, y) eD[Am] xD[B"],

For £    4 U and r)0 4 V utilizing the identities (2.3) and (2.4) we obtain by

the Cauchy integral theorem
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P7l(A® I, I®B)[P(A ® I, I ® B) -Xl®l]u
A a

= Í2ni)-2fdufdviP(t, r,) - X)-H£- t0)-m(r, - Vo)-"[R(t; A) ® R(V; B)}

• [(A - £0l)m ®(B- t,07)"][P(A ® 7, 7 ® B) - A/ ® l]ud<Çdn

= (2^)-2 jeu fav{£- {0)-m(r, - qQ)-"[(A - {¿r ® (B - ^7)"]

• [R(¿j; A) ® R(r,; B)]ud^dv

+ (2-¿)"2 fau Îôv^Z v) - a)-1^- Q-m(r, - Vq)-

•[(A-fn7)m® (B-VoDn][R(Ç;A) ® R(V;B)]

■[P(A® I,  I ® 8) - P(£ 77)7 ® I]ud£dr]

fot the second integral vanishes if we note

P(A ® 7, 7 ® B) - P(£ 77)7 ® 7 =     £    /3M(<f7 - A)7 ® (77/ - B)k.

j+k>o

In virtue of Lemma 2.3, any x e D[Am]   can be approximated by a sequence

in D[A2m]  with respect to the norm  ||x|| +^™_, l|A7x||   and the same is possible

for 8. Consequently, D[A2m] ® D[B2n]  is by the reasonableness of a dense

in D[P(A ® I, I ®B)] = D[Am]® D[Bn]  with respect to the graph norm of

P(A ® I, I ® 8)  in X ® n Y.   Thusa

(2.5) PrHA® I, I ® B)[P(A® I, I ® B)-XI® I]u= u
A a

is valid for all u in the domain of P(A ® 7, 7 ® B) and so by continuity of

P^~1(A®I, I®b)   fot   all   u   in   the   domain   of  any   maximal   extension

P(A® I, I ® B).  This proves that the restriction of Px~ l(A ® I, I ® B)  to the

range  7? [P(A ® 7, 7 ® B) - A/ ®a 7]   is a continuous inverse of  P(A ® I, I ® B) -

XI ®a I.   It remains to show the range of  7*(A® I, I ® B) - XI ®a 7 is dense in

x ®a y.

By the definition of the improper Riemann integral, for v £ D[A2m] ® D[B2"]

the integral (2.2), i.e.  u = Px   (A ® I, I ® B)v, can be approximated by a sequence

*"zX=l   in  D[A2m+1] ® B[B2"+1]   of   Riemann   sums.   Obvious   is   that

[P(A ® I, I ® B) - XI ® I]u    is convergent to v as v —» °°,   so that  27 =

Px~1iA ® I, I ® B)v belongs to D[P(A ® I, I ® 8)]  by the definition of maximal

extensions, that is, (P^KA® 7, I ® B)v, v)  for every v £ D[A2m] ® D[B2n]

belongs to the closure of the graph of P(A®I, I®B)-X1®I. Since D[A2m] ®D[B2n] is

dense in X ®a Y,  it follows by Lemma 2.2 that P(A ® 7, 7 ® 8) - A7 ®a 7 as well

as   P(A ® I, I ® B) - XI® I has a dense range.     Q.E.D.

Remark  2.4.  Assumption of the uniformness of the norm  a.  in Theorem 2.1

is only used to assure that the integral (2.2) defines a continuous operator on

X ®a Y (cf. [9, Remark 4.10]). Theorem 2.1 is also valid for any reasonable norm
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a on X ® Y for which if u £ X ®Y,

p(£ A) ® Rir,; B)]u\\a < ||P(cf; A)\\ ¡RÍr,; ß)|| ||„||a

or

||[R(£ A) ® R(t7; B)] «* I a < Constant • |£|-1 I»? I _1 ll*lla

on eUxCv.

3- Closures of polynomial operators.   If a  is faithful and reasonable, we

have seen in virtue of Theorem 1.1 that the polynomial operators (1.2) and (1.3)

are closable in X ®a Y.  We shall now show these two closures coincide for faith-

ful uniform reasonable   a,  which reduces the spectral mapping theorem for the

polynomial operators of the kind (1.2) to that for the polynomial operators of the

kind (1.3).

Theorem 3.1.   Let  a. be a faithful uniform reasonable norm on X ® Y and

P £9iA, B)  of the form (1.1).   // PÍoÍA), oÍB)) 4 C,  then

(3.1) 'PÍA® I,   I ® B) = ( Y,cjkAÍ f   ßfe)"

Proof.   Since the right member of (3.1) is a closed extension of the left

member, it suffices to show  i^c^A1 ®a Bk)    C PÍA ® /, / ® ß).

Let X 4 PiaiA), aiß)).   By Theorem 2.1 the closure  PÍA ® I, I ® B) -

XI ®a I has a bounded inverse and maps onto X ®a Y.   Therefore we have only to

show that (£c.feA7 ®aß*)    - XI ®a I = (£ c .feA7®a Bk - XI ®a /)     is one-to-one,

or that its adjoint has a dense range in (X ®a Y)'  with respect to the weak to-

pology defined by the dual pair <(X ®a y)',   DÜ^c^A' ®a B V]>   (cf. [14]).

Since a densely defined closable operator and its closure have the same adjoint,

we obtain similarly to (1.4)

[(lc,kA'èBky-X,® /]'=(£c.^-èB*-A/f/)'

(32) ^c.fe(A')7®(ß')*-A/'® /'

= PÍA' ® /', /' ® B') -Ai' ®  /'.

We know a(A') = oiA)  and aiß') = aÍB),  so X 4 PiaiA), aiß)) =

PiaiA'), aÍB')),  and P(¿j; A') =- (£ /' - A')~ ) = ((¿;/ - A)~ l)' =-«(£; A)',

Rirj; B') = (77/'- B')-1 = ((77/- B)-1)' e RÍV; ß)'.  Therefore condition (ii)

implies that <fR(cf; A')  is bounded in Cfi and rjR(77; ß )  bounded in C.V.  We

can define then in the same way as in the proof of Theorem 2.1 P\  \A ® I'J ® B )

with  Px = P - X by means of the integral (2.2) with P (¿f; A) replaced by P(f; A )

and P(t7; B) by RÍr¡; ß').   The closure  PÍA' ® /', /'® ß') - A/' ®a, /'  of

PÍA' ® /', /' ® B') - A/' ® /'   in X' ®a, y'   has a continuous inverse which is
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the restriction of  Px~ HA'® l', l' ® S') to the range r(p(A' ® /', ¡' ® b') - Xl' ®a l'].

Note  P(A'® l', /' ® 8') - A7' ®a; l' is closed by (3.2) or because the dual norm

a   is a faithful uniform reasonable norm on X ® Y .

The considerations as before show that the range 7?[P(A' ® 1,1® B') - Xl' ®a/7']

contains D[(A')2m] ® D[(ß')2n].  Similarly to the proof of Theorem 1.1 the faith-

fulness of  a yields that  D[(A')2m] ® D[(B')2n]   is dense in  X' ®a,   Y'   and

also in (X ®a Y)    with respect to the weak topology defined by the dual pair

<(X ®a Y)', X ®a Y).  Thus the range of P(A'® 7', 7'®.B')-A/'®a,   /' is dense

in (X ®a y)    in the same weak topology and so in the weak topology defined by

the dual pair <(X ®a y)',  D^c^A' ®a B V]>.     Q.E.D.

Since the spectrum is unchanged under the closure operation, the following

theorem is a direct consequence of Theorems 2.1 and 3.1.  Note a(A ®   I) = a(A)

and a(I ®a 8) = a(B).

Theorem 3.2. If a.  is a faithful uniform reasonable norm on X ® Y,   then for

P £ 9(A, B)  of the form (1.1)

P(o(A), a(B)) = P(a(A ® I), a(l ® B))
a a

= a(P(A ® I, I ® B)) = a(p(A ® I, I ® B))

^Ayfs)^((^C7^?ßT)-

Combined with Theorem 1.8 for faithful  a,  we have

Corollary 3.3.   Under the same condition of Theorem 3.2 , suppose further it

does not occur that one of the extended spectra a (A)  and a (B)  contains  0

while the other contains oo.   Then for P £j(A, B)

Pia (A), ct(8)) = P(cr(A ® /), a (I ® B))
a a

= a(P(A ®I, I®B)) = a(P(A ® I, I ® 8)).
a a a a.

Remark 3.4. The inclusion P(a(A), o(B)) C o(£ c^A' ®a Bk) in Theorem

3.2 may be proved also just in the same way as Theorem 3.6 in [lO], if we note

(1.4).

In Corollary 3.3, when P(a(A), a(fl)) / C and A 4 P(a(A), o(B)), the con-

tinuous inverse of the closure P(A ®a I, I ®a B) - XI ®a I may be given also by

the integral

(27r/)_2Lij/ôV(P(^ r?)-A)-1R(e; A ® D R(r,; I® B)d£dr]

where the open sets   U D a(A) = a(A ®a I)  and   V D o(B) = a(l ®a B)  are chosen

in the same way as in the proof of Theorem 2.1.
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4. Polynomial operators of the first order.  We remark first that the generaliza-

tion of the results of the preceding sections to polynomials of 72 variables is

straightforward (cf. [lO, Theorem 3.6]).

In this section we consider in particular polynomials of the first order.  The

corresponding operators were treated as separable operators by H. O. Cordes [4],

B. Friedman [5], Ju. M. Berezanskii [2], L.   and K. Maurin [l6].

4.1. Spectral mapping theorem.   E being a Banach space, a densely defined

closed linear operator  T: D[T] C E —> E is  said to  be  of type Í0T, MÍ0)),

0< 0T < 27,  if the resolvent set pÍT)  contains the complement of the sector

SÍ0T )= \C; |arg C\ < 0rl and ||£R(£; T)\\ < MÍ0),  0 = arg £, outside   S Í6'T)   fot

each   (9       with t9    < 0'    < 77,  where MÍ0)   is a constant depending only on 0 =

atgC  ([11], [20]).

The following theorems generalize the results of Ju. M.   Berezanskii and

L.   and K. Maurin for selfadjoint operators in Hubert spaces.

Theorem 4.1.   Let X .,  1 < / < 72,   be complex Banach spaces and a a uni-

form reasonable norm on X, ®  • • • ® X .   For j = 1, 2, • • • , 72,   let A .: D\A .] C

X. —> X.be a densely defined closed linear operator of type Í0., M (0)) for which

Q<0.<n and 0 < 0 . + 0k < n for ;'4 k and j, k = 1, 2, • • • , 72.   Then

n In

XcrU) = a( £   i,®---®/       ® A   ® /
7 = 1

■•®I,_l®Ai®lj + l®--

provided none of the a (Á .)  are empty.

The spectra of ^ "     /. ® ••• ® A . ® • • • ®/    and its maximal extension

(£", '. ® • • • ® A . ® • • • ® / )     are empty if and only if at least one of the

aÍA .)   is empty.

Proof.   Evidently the (vector) sum  Y",cr(A .)   is closed in C  and does not

cover   the   whole   complex   plane  C.   Let A 4 V? . a(A .),   so   that  § =

dist(A, Y/-~\a^A ■)) > ®*   If at ieast one of the cr(A .)  is empty,  A  shall be an

arbitrary complex number. We shall show for this A  that we can find those open

sets   U. such as in the proof of Theorem 2.1.

Choose e > 0 such that (8 ■ + e) + id, + e) = 0 ■ + 0 k+ 2e < rr for j 4 k and

/, k = 1, 2,- • • , 72. Set  R = (|A| + l) cosec(max .   , Í0. + 0, + 2e)).   Then for any k
J = Z£       7 Z£

the vector sum of the sectors

SÍ0l + e)+...+ SÍ0k_l + e)+ SÍ0k + e)R + SÍ0 k+1 + e) + ■ • ■ + SÍ8n +e)

is away from the origin at distance > |A | + 1, where SÍ0k + e)R = S Í8k+ e) O
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k1K(0; R).   \¿j"_. Ci ~ Al   is bounded away from zero when £= (¿\, • • •, C„)   is

in n?_j Gy, where Gy = \£; dist(C ff(Ay)) < 8/2n\  if ct(A;.) ¿ 0 and Gj =

S (0. + f)„   if a(A .) = 0. For each /, V. shall be a bounded open set whose

boundary consists of a finite number of rectifiable Jordan curves such that a(A .)

C\K(0; R)C V.C G..  If a(A.) C\ K (O; 7?)=0', let  V. = $.  As   ii, we choose the

interior of the set (V. DK(0; R)) US(d. + e)R. Obviously, <£%j£y-A)(£"   |£.|)_1

is bounded away in absolute value from zero on II?_. U. tot sufficiently large

z;=1icyi- Q.E.D.
If a is faithful, we denote  7. ® • ■ • ® 7-   , ® A . ® 7.     ® • • • ® 7    by A.

^^-~^^^ t^, J — 1 7 7t 77 J

and its closure in X. ® • • • ® X    by A . for j = 1, 2, • • • , 77.

The following theorem is a direct consequence of Theorem 3.2.

Theorem 4.2.  Under the same condition as in Theorem 4.1, suppose further

a is faithful.   Then

I"^p- £<-<v=»(Î 4 -<- ((£ a,) ~)

-#)--((!,t)"
provided none of the a(A .)  are empty.   The spectra of Y" , A ., Y"_, A . awa? their

closures are empty if and only if at least one of the o(A .) is empty.

4.2. Fractional powers.   If A  and  8   satisfy the condition of Theorem 4.1

or 4.2 for 72 = 2,  we see by Theorem 3.1 that the closures of A®7+ 7®B  and of

A ®a 7+7 ®a B  coincide if  a  is a faithful uniform reasonable norm on  X ® Y.

It is an important question when this closure coincides with A ®a 7+7 ®a B

itself (cf. [3]).

Obviously they coincide if and only if A ®a 7+7 ®a B is closed in X ® Y.

Note this is valid in virtue of the Banach-Schauder theorem if and only if the fol-

lowing inequality holds:

(4.1) \\A ® lu\\a < CA[\\(A ®I+I®B)u\\a + \\u\\J

or equivalently

(4.2) IU|B"lla<CB[||(A|/+/|B)«||a+||liia]

for u £ D[A ®al] nD[7®aB],  with constants  CA   and Cß.

We shall now derive a weaker inequality than (4.1) or (4.2), considering the

fractional powers of operators.

If A   is of type  (dA, MA(d)),  the fractional power A^,  0 < tt < 1,  of A   is

defined (cf. [il], [20]):
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(4.3) A^x = ^^/~z^-Kz:/+A)-1A*aY;,       x £ D[A].>0

Deforming the integration contour, we can show easily that (4.3) equals

(4.3)' A^x = (227¿)-1/r C^lRi£\ A)AxdC,       x £ D[A],

iO'
where the contour T = {£,; |arg £| = 0'T\,   0T < 0'~    < rr,  runs from ooe to  0

and from  0 to °°e   '   '    and the branch of £^~ '   is so taken that  Re £^~ 1 > 0

for Re(>0.

Lemma 4.3-  Ler a be a faithful uniform reasonable norm on X ® Y.   If

A: D[A] C X —► X   is a densely defined closed linear operator of type Í0¿, MÁ0))

with  0<8A<n,  so is A ®a I.   For 0 < p < 1, we have (A ®a l)^ = A^ ®a /.

Proof.  Note a (A ®a /) = oiA)  and P ÍC; A ®aD = P (<; A) ®a 1 fot £ £

pÍA ®a I) = piA) [9].   Then the first assertion is evident. The second assertion

for ll = 0 and p = 1  is trivial. To prove it for  0 < p < 1, we use the formula of

the resolvent of the fractional power by T. Kato  ([ll], [20]).  Then we have

[A/®/+(A® I)^]-1 = ÍXI+ A^)-1 ®/=[(A/ + A^)® I)]~l = [Xl® 1+ A^®l]~l
a a a a. a a

whence (A ®a 1)^ = A^ ®a /.    Q.E.D.

Under the same condition as in Theorem 4.2 for  n = 2 we have

Theorem 4.4.  Let X and Y  be complex Banach spaces and a a faithful uni-

form reasonable norm on X® Y.   Let A: D[A] C X —► X and B: D[B] C Y —» Y

be densely defined closed linear operators of type Í0A, MAÍ0)),  Í0 „, Mß(0)),

respectively, with  O<0a + 0„<tt.   Then if 0 < p < 1,  we have for

u £D[A]®D[B]

(4.4) \\(A ® I)^u\\ a = ||A^® /«||a < CJ||(A ® /+ / ® B)z/||a + ||«||a]

and

(4.5) l|(/f 8)M«||a = || I®B^u\\a<C¿\\ÍA® /+/®B)«||a+H«||a]

with a constant  C    depending only on ß.

Therefore for A 4 oiA) + oÍB),

[ÍA ® / + / ® 8)" - A / ® /l - ' = [(A ® / + / ® B)"" - X I ® I] - l
a a a a.

is a one-to-one continuous linear operator of X ®    Y 072/0 D = D[ÍA ® I + I ® B)   ]

C D[ÍA ®a 1)^] nD[(iêaB)v]  for 0 < il < 1   and 0 < v < 1,  where D  is equipped

with the topology induced by D[ÍA ®a l)^] n D[il ®a B)v],   i.e. with the norm

\\4a+\\iA®airu\\a + \\il®aBVu\\a.

Proof.   By Theorems 3.1 and 4.1 we have only to establish the inequalities



1972] OPERATORS ON TENSOR PRODUCTS OF BANACH SPACES 215

(4.4) and (4.5). Since —I 4 o(A) + o(b),  we see by Theorem 4.2 that the closure

of A®/+/®8 + 7®/ has a continuous inverse and maps onto X ®a Y.'

Choose e > 0 such that Q A + 8B + 2e < rr.   Let v £ D[A] ® Y.  Then if we

take (4.3)    into account, for  0 < p < 1   the integral

i/i- 1

(2772')-2   f       f- [R(£; A)A® R(V;B)]vdÇdri
J rA j rR F + 77 + 1

where YA = i<f; |arg <f | = QA + e\  and YB = - l/7 + [77; |arg 371 = 6B + e\  is abso-

lutely convergent and defines a continuous linear operator ofD[A]®YCX®    Y

into X ®a Y.  We denote its continuous extension to X ®a y by u  .

Then similarly to the proof of Theorem 2.1 we have, for u £ D\^A2^ ® D[B   ]

and 770 4 S(d¿ + e)~ M,

(Î,,(A ® I + I ® B+ I ® 7)^72

3   (A® 7 + 7 ® B + 7 ® 7) 22

ß

= (277f)_2   fr    Ír     4--  £R(^> A)A  ® ß(T' ß)l
J rA ̂  rB  (f + r, + 1

• [A ® 7+ 7 ® 8 + 7 ® I\ud^dq

- (277¿)~2 Jr. /rn FT-^-TTT-ï [R(£ AM ® R(^ 8)(ñ ~ V'l
F4    rß(^+'?+l)('?-'?o)

• [A ® 7+ 7 ® 8 + 7 ® l]udgdr)

= (2ni)-2  fr    fr   ^-Hij-r/ni-'URi^A)® (8 - 77^) «(77; B)] 22 ̂¿77

+ {2ni)~2 fr   fr    77-^7-Ï [AR^< A) ® (s " V7«^ ^
•T/i -Tß (£+r/+ l)^-^) '°

• [(A - £7) ® 7 + 7 ® (B - 777)] u dÇdrj

= (A^® I)u,

tot the second integral vanishes.  Hence for  22 6 D[A   ] ® D[B   ]

\\(A'U® I)u\\a <||âJ||U® /+ 7® B + 7® /)«||a

<Cm[||(A® /+/®8)«||a+||«||J.

By Lemma 2.3, we see D[A2] ® D[B2]  is dense in D[A] ® D[B]  with respect

to the graph norm of A ® 7 + 7 ® B,   so that by the closedness of A^ ®a I the

above inequality is valid for  u £ D[A] ® D[B].   This establishes (4.4) with

Lemma 4.3- (4.5) will be shown just in the same way. Q.E.D.

4.3- m-accretive operators in Hilbert spaces.   In the following, a particular

case where the inequalities (4.1) and (4.2) hold will be considered.  Here,  X and



216 TAKASHI ICHINOSE [August

Y   are assumed to be Hubert spaces and   co     the uniform crossnorm on X ® Y

such that X ®     Y is a Hubert space [18].   a.  is faithful.  For the norm  II • ||

0 •    .      ii    n °
we shall use the abbreviation || • ||.

Lemma 4.5.  Let A: D[A] C X —» X; B: D[B] C Y —» Y  be densely defined

linear operators.

(1) If A  and B  are symmetric, so is A®B  in X ®       Y.
a0

(2) If A   is accretive, so is A ® I in X ®      Y.
a0

Proof.   (1) Let  u £ D[A ] ® D[ß],   «=£y_,x®y-,  where both the sequences

i*y!y=1 C D[A]  and Syy!y_, C D[B]  ate linearly independent.  Then-

((A ® B)u, u)=\7j Ax.® B y., Z X. ®  y A   = Z (A x ., x^ (B y., yfe)
\i i I i.h

= Z (*> A **) hr B y ) = ( Z  */ ® y¿- YjAx,®B y A

= (zz, (A ® B)«).

(2) Let  u £ D[A] ® Y,   # = £r    x.® y ., where both the sequences \x.]T      C

D[A]  and ly!^_, C Y are linearly independent and further we may assume the

latter is orthogonal.  Then

Re ((A ® l)u, zz) = Re2j(Ax., x)iy ., y .) > 0.      Q.E.D.

7

An m-accretive operator  A:  D[A] C X —► X  is by definition a closed accretive

operator whose resolvent set   piA)  contains the left half-plane with  ||(A + A/)-   ||

< (Re A)-1   for Re A > 0.  It is necessarily densely defined. An m-sectorial opera-

tor A : D[A ] C X —» X with vertex   0 and semiangle 0A,  O<0A< v/2,  is by

definition an zrz-accretive operator with

|Im(Ax, x)\ < tanÖA • Re(Ax, x),     foi x e D[A].

Then the real part HA = Re A   is nonnegative selfadjoint, and there exists a

bounded selfadjoint operator SA   such that  ||S^|| < tan 0A  and A = GAil + iSA) GA

with  GA = H%  (see [12]).

The following theorem may be considered as a generalization of the results

by V. P. Mihaïlov [17] for the boundary value problem of quasi-elliptic differen-

tial equations.

Theorem 4.6. Let A : D [A ] C X —» X a72a" B : D [B ] C Y —► Y be m-accretive

operators.   Either



1972] OPERATORS ON TENSOR PRODUCTS OF BANACH SPACES 217

(1) if one of A  and B  is selfadjoint, or

(2) if A and B are m-sectorial with semiangles 6A, 0„,   respectively, such

that  tan 6A • tan 6B < 1, then the closure of A ® / + 7®8  coincides with

A ®     1+ l®„   B and
a0 a0

a(A) + o-(B) = a(A ® 1) + o(l ® B) = a(A   ® 1 + I  ® B).
a0 a0 aQ aQ

In this case, if A 4 o(A) + o(B),   for any f £ X ®      Y  there exists a unique

u£D[A®a    7]OD[7®a   B] which satisfies [A ®a   7+7®a   B - A7 ®a   I]u= f.

Moreover the following inequality holds:

\\u\\ + \\A   ®/«| + ||7   ®B«|| <C||/||,
a0 a0

with a constant C  independent of u and /.

Proof.   In virtue of Theorem 4.2, we have only to establish

(4.2)' ||(7 ® B)u\\ <C[||(A ® 7+ 7 <S> ß)"|| + ||«||],

for u £ D[A] ® D[B].  To do so it suffices to show that Re((A ® 7)22, (7 ® B)u)

> 0 for 22 £ D [A] ® D [8].   For then it will follow that

((A ® 7)22, (7 ® B)u) + ((7 ® 8)22, (7 ® B)u) = (f, (l ® B)u),

where  u £ D[A] ® D[B]  and / = (A ® 7 + 7 ® 8)22,  whence we shall be able to

derive (4.2)   easily.

(1) Without loss of generality we may assume that A   is 772-accretive and 8

is nonnegative, selfadjoint.

For  u £D[A] ®D[B],   u= JV^ x. ® y p  where \x. !;r=J C D[A ]   and {y/j = 1

C D[B],  we have by Lemma 4.5

Re ((A ® I)u, (I ® B)u)=Re(YJAx.® y^Xj ® By\

= KeJjiAx., xk)(y., Byk)= Re£(Axy, xk)(B>Ay., BV,yk)
j.k j,k

= Re ((A ® 7) (7 ® BVí)u, (i ® BV,)u)

> 0-

(2) There exist bounded selfadjoint operators SA, Sß  such that \\SA\\ <

tan 0A,  \\SB\\ < tan 6ß   and A = GA(7 + iSA)GA,  GA = H*;   B = Gß(7+ iSß)GB,

G3 = H*A.   Let u £ D[A] ® D[B]  as in the proof (1). Since  GA  and Gß  are

selfadjoint, and since 5.   and Sß  are bounded, selfadjoint, we have
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((A ®  I)u, ÍI ® B)u)

= ¿jiAx., xk)iy., Byk)
j,k

= Yj ÜI+ iSA)GAxj>  GAxk){GBy? (/+ iSD)Gßyk)
j.k

Z UGAxi- GA^)(GSyy Gßyk) + {SAGAX,' GAxk) {GBVf sBGByk)]
j.k

+ z'Z[(5AG-Ax■., GAxk)iGByj, GByk)-iGAx., GAxk) (Cßyy, SßGßyfe)]
j.k

YjtiGAxj> GAxk){GByi-GByk) + (sAGAxi' GAxk){sBGBy]' GByk)]

+ íYj^sagaxí- GAxk){GByf GByk)-(-GAxj- GAxk){sBGByj- Gßy^
j,k

= [ÍÍGA ® GB)u, ÍGA ® GB)zz) + ÍÍSA ® SB)ÍGA ® GB)u, ÍGA ® Gß)zz)]

+ i[ÍÍSA ® I)ÍGA ® Ga)u, ÍGA ® GB)u)

- ÍÍI ® SB)iGA ® GB)u, ÍGA ® Gß)zz)].

By Lemma 4.5 (1), both the expressions in the brackets [ • • • ] of the above last

formula are real.  Thus it follows by the uniformness of  a    that

Re ((A ® /)zz, (/ ® B)u)

= ÍÍGA ® GB)u, ÍGA ® Gß)zz) + ÍÍSA ® SB)ÍGA ® GB)u, ÍGA ® GB)u)

> (1 - 11^II \SBUiGA ® GB)", ÍGA ® GB)u)

> (1 - tanól^ • tanöß)((GA ® GB)zz, ÍGA ® Gß)u) > 0.       Q.E.D.

Finally, we note that our results may also be applied to the spectral theory

of many-body Schrödinger operators (cf. [l], [la]).
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